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А NEW CLASS OF FUNCTIONS 
A. Асксог AND S. YÜKSEL 


ABSTRACT : In this paper, we introduce a new class of functions called strongly pre ~ 7 — continuous 
functions in ideal topological spaces. Several characterizations and some of its properties of this type 
of functions are obtained. We also investigate the relationship between this class of functions and other 
classes of non-continuous functions. ` 


Key words and pharases : B — / — open, semi — / — open, pre — 7 ~ open, B — / — open set and strongly 
pre — 7 — continuous function. 
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1. INTRODUCTION 


The purpose of the present paper is to introduce and investigate the notion of a new 
class of functions, namely strongly pre — / — continuous functions, and give several 
characterizations and their properties. Relationships between this type of functions and other 
classes of functions are obtained. This new class of strongly pre — / — continuous functions, 
which is stronger than a — рге — / — continuous [20], is a generalization of strongly a — 7 
— continuous [18]. 


For the understanding of this paper, we should recall nine classes of functions : strongly 
& — I — continuous [18], almost ~ / — irresolute [19], œ — J — irresolute [20], В — I — irresolute 
[19], œ — рге ~ J – continuous [20], almost a — / — irresolute [20], a — I — continuous [8], 
pre — J — continuous [6] and Bj — Z — continuous [8] functions in ideal topological spaces. 


2. PRELIMINARIES 


Throughout this paper СКА) and Int (A) denote the closure and the interior of A, 
respectively. Let (X, т) be a topological space and / be an ideal of subsets of X. An ideal, 
I is defined as a nonempty collection of subsets of X satisfying the following two conditions: 
(1) If A € I and B C A, then B є J; Q) If A є Land Ве J, then А О B e I. An ideal 
topological space is a topological space (X, т) with an ideal Г on X and is denoted by (X, 
т, I). For a subset A C X, A*(]) = (xeX | UnAz1I for each neighborhood U of x) is called 
the local function of A with respect to 7 and т [11]. We simply write A* instead of A*(/) 
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since there is no chance for confusion. X* is often a proper subset of X. The hypothesis X=X* 
[9] is equivalent to the hypothesis t ^ 1 = Ø [17]. For every ideal topological space (X, т, 
D, there exists a topology t*(/), finer than т, generated by В (I, т) = (UM : Пет and lel}, 
but in general В (/, т) is not always a topology [10]. 


Additionally, CI*(A) 2 AUA* defines a Kuratowski closure operator for t*(J). 


We recall some known definitions. | 

Definition 2.1. A subset S of a topological space (X, т) is said to be & — open [14] 
(resp. semi — open [12], pre — open [13], B — open [1]) if S с Int(CI(Int(S))) (resp. S c Cl(Int(S)), 
S c Int(CI(S), S c CI(Int(CI(S))). | 


The family of all о — open (resp. semi — open, pre — open, В — open) sets in a space 
X is denoted by 12 (resp. SO(X), PO(X), BO(X)). Itiis shown in [14] that Т0 is is a topology 
for X and t c т c SO(X). Moreover, it is shown іп [18] that SO(X) U POX) c ВО(Х). 
The complement of a semi — open (resp. pre — open) set is semi — closed [4] (resp. pre — 
closed [13]). The interesection of all semi — closed sets containing S is called the semi — closure 
[4] of S and is denoted by sCI(S); the union of all semi — open sets contained in S is called 
the semi — interior [4] of S and is denoted by sInt(S). 


Definition 2.2. A subset A of an ideal topological space (X, t, D is said to be 0-1 
— open [7] (resp. semi ~ 1 — open [7], pre — 1 — open [6], B-1- open [7] if A C Int(CI*(Int(A))) 
(resp. А с CI*(Int(A), A с Int(CI*(A), А c CI(Int(CI*(A))). The family of all a — / — open 
(resp. semi — / — open, pre — / — open, В ~ J — open) sets in an ideal topological space (X, 
т, D is denoted by о/О(Х) (resp. 8/О(Х), Р/О(Х), ,BIO(X). 

Definition 2.3. A function Е: (X, т, D > (Y, v) is called a@ — / — continuous [7] (resp. 
pre — 1 ~ continuous [6], B — 1 — continuous [7] if for every V € v, f! (V) is 0)-1- open 
(resp. pre ~ I — open, B – / — open) in (X, т, D. | 

Definition 2.4. A function Е: (X, т, D > (v; v) is said to be a — I — irresolute [20] 
(resp. @ — pre — I — continuous [20], almost a — I — irresolute (201) if Е! (V) is а —1— 
open (resp. pre — / — open, В ~ / — open) in X for every 0: — open зе! V of Y. 

Definition 2.5. A function Е: (X, т, D — (Y; v) is said to be В – 1 – irresolute [19] 
(геѕр. strongly a — pre — 1 — irresolute, strongly В!- pre — I — irresolute) if f! (V) в В — 
I — open (resp. & — / — open, pre – I — open) in X for every B — open set V of Y. 

Definition 2.6. A function f : (X, т, I) — (Y, v) is said to be strongly æ — 1 — continuous 
[18] (resp. strongly pre — 1 — continuous, almost 1 — irresolute [19)) if f-! (V) is а — I — open 
(resp. pre — / — open, B — / — open) in X for every semi — open set V of Y. 


t 
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Using the definitions above, we obtain the following diagram: 


strong 0 — pre - / — irresoluteness — strong @ — / – continuity > a — / – irresluteness — @ — 1 — continuity 


4 Ј 4 у 
strong В — рге – I ~ irresoluteness — strongly pre – / - continuity — a — pre — / — continuity — рге — / — continuity 
J 4 4 J 


B- I — irresoluteness — almost — / — irresoluteness — almost 0: — / — irresolute — В – / – continuity 
The following remark enables us to realize that none of the above implications is 
reversible. 
Remark 2.7. We have the following relationships: 
(а) 0 – / – irresoluteness does not imply almost / — irresoluteness ([19, Example 1.2]), 
(b) а-1- continuity does not imply almost о — I — irresoluteness ([19, Example 1.31) 


(c) Strong В — рге — 1 — irresoluteness does not imply a - 7 — continuity ([20, Example 
1.1]), 
(d) В – І — irresoluteness does not imply pre — Z — continuity ([20, Example 1.2]). 


3. STRONGLY PRE - 7 - CONTINUOUS FUNCTIONS 
Theorem 3.1. For a function Е: (X, т, D (Y, v), the following are equivalent: 
(i) f is strongly pre — I — continuous; 
(ii) For each x € X and each semi - open set V of Y containing f(x), there exists 
a pre – / — open set U of X containing x such that КО) c V; 
(iii) f-(V) c Int(CI*(f-! (V))) for every semi — open set V of Y; 
. (iv) ЦЕ) is pre – 1 — closed in X for every semi — closed set F of Y; 
(v) Clant*(f-(B)) c f-(sCI(B)) for every subset B of Y; 
(vi) f(Cl(int*(A)) C sCI(f(A)) for every subset A of X. 


Proof. (i) — (ii). Let x € X and let V be any semi — open set of Y containing f(x). 
By Definition 2.6, f-!(V) is pre — / — open in X and contains x. Set U = f-!(V), then by (i), 
О is a pre — I — open subset of X containing x and КО). c V. 

(ii) = (iii). Let V be any semi — open set of Y and x є f- (V). By (ii), there exists 
a pre- I — open set U of X containing x such that fU) c V. Thus, we have 
хє UCInt(CI*(U))CInt(CI*(f-(V))) and hence ГУ) c Int(CI*(f-1(V))). 
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(iti) — (iv). Let Е be any semi — closed set of Y. Set V = Y — F, then V is semi ~ 
open in Y. By (iii), КМ) c Int(CI*(f-(V))) and hence F(F) = X - P(Y - F) = X - 
f-I(V) is рге — J — closed in X. 


(iv) = (v). Let B be any subset of Y. Since sCI(B) is a semi — closed subset of Y, by 
(iv) Ё“Ч8С1(В)) is pre — / — closed and X ~ А СКВ)) is рге — / — open. Thus X – f- (sCI(B)) 
C Int(CI*(X — f-(sCI(B)))) = Int(X — пе (Ё (sSC(B))) = X - Cl(Int*(f- (sCI(B))). Therefore, 
we obtain Cl(Int*(f-(B)) c f" (sCKB). . | 


(v) => (vi). Let A be any subset of X. By (v), we have CI(Int*(A)) c = Се (КА) 
с f-l(sCKf(A)) and hence f(Cl(Int*(A)) с 5СККА), 


(vi) = (i). Let V be any semi — open of Y. Then, by (vi), f(ClInt*(f"(Y - Vy с 
sCI(f(f-K(Y — V)) c sCI(f(f- (Y – V) c sCI(Y – V) = Y – sInt(V) = Y - V. Thus, we have 
Clünt*(f-I(Y — УУ) c f-(Y — V) and hence X — Int(CI*(f-!(V))) = Cl(nt*(f-*(Y - V)) с 
X ~ f- (V). Consequently, we obtain f!(V) c Int(CI*(f-(V))). This shows that f!(V) is pre 
— 1 — open. Therefore, f is strongly pre - / — continuous. 

Lemma 3.2. ([15], (71). Let (X, : AGA} bea family of spaces and U,; be a nonempty 
subset of X,; for each i = I, 2, .., n. Then = Па X; x Hi =n Uy; is a nonempty semi 
- open [15] (resp. pre — open |7]) subset of rH X, if and only if U,; is semi — open (resp. 
pre — open) in X,; for each i = 1, 2, 

Theorem 3.3. A function Г: (X, т, р э (Y, v) is strongly pre — I — continuous if the 
graph function g : (X, т, Г) э Хх Y, defined by g(x) = = (x, f(x)) for each x € X, is strongly 
pre – J — continuous. 


Proof. Let x Е X and V be any semi — open set of Y containing f(x). Then, X x V 
is a semi — open set of X x. Y by Lemma 3.2 and contains g(x). Since g is strongly pre - 
1 — continuous, there exists a рге ~ / — open set Ui of X containing x such that g(U) с X 
x V and hence f(U) C V. Thus f is strongly pre —'[ — continuous. 


Theorem 3.4. If a function Е: (X, т, /) > ПУ, is strongly pre — / — continuous, then 
Р, of : (X, t, ) > aa is strongly pre — / — continuous for each À € A, where Р, is the projection 

Proof. Let у, Бе any semi - open set of Л Since Р, is continuous and open, it is 
irresolute by Theorem 1.2 of [5] and hence Р-У, is semi — open in ПУ). Since f is strongly 
рге — J — continuous, we obtain ГР, (У,)) = (Р, об (У,) and is pre — open in X. This 
shows that Р, of is strongly pre — / — continuous, for each À € A. 

Lemma 3.5. ([2]) Let (X, т, D be an ideal topological space and A be a subset of X. 
Then the following properties hold: | 

а) "If О is open in (X, т, J, then O A CI*(A) C CI*(O^A). 

(2) If A c Xy c X, then СР хо (A) = СЇНА) N Xy. 


1 
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` Lemma 3.6. Let (X, t, J) be an ideal topological space. f АЄРГО(Х,) and 
ACX,€ PIO(X), then Ae PIO(X). 


Proof. Since Ае Р/О(Х,), Ас Int, (CI*,, (A) = Xy U for some Uert. Since 
Х,ЄР/О(Х), by Lemma 3.5 (2), 
Ac Xo Осу Int(CI*(X9)) 

= nU с CI*(X9) 

C Int(CI*(U п Ху) 

= Int(CI* (Int, (СФ, (A)))) 

= Int(Cl*Ant(Cl*,, (A) су Хо) 

c Int(CI* (CI, (A) ^ X9) 


= Int(CI*(CI* (A) г X9) 
C Int(CI*(CI*(A))) 
C Int(CI*(A)). 

This shows that Ае P/O(X). 


Lemma 3.7. Let (X, т, J) be an ideal topological space. If Ae P/(X) and XE SIO(X), 
then АгҮХ,ЄР/С(Х,). 


Proof. AMX )CInt(Cl*(A))AXq = тъ (In(CI*(A))O Xj) 
C Int, [Int(CI*(A))ACI*(Int(XQ))] C. те [CI*(Int(CI(A))nInt(X9))] 
C Int. [CI (CIK(A)OInt(X9)] 
C Іт, [Cl*(Cl*(ANX,))] 
C Int, [CI«(AQXQ] 
C Int, [CI (AnX9]^X, 
C Int, СЖАСХ ОС Int, (Xp) 
C Іт, |СРЧАСХ ГЭХ, 


C Int, (CIFX(A*X,)). 


i 
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This shows that АЛХ Е РЮ(Х,). ; 


Theorem 3.8. If f : (X, т, D — (Y, v) is strongly рге ~ / — continuous and A is a semi 
— I — open subset of X, then the restriction f / A : А! — Y is strongly pre — I — continuous. 

Proof. Let V be any semi — open set of Y. Sihce f is strongly pre — / — continuous, 
then f!(V) is рге – / — open in X. Since A is semi — 1 — open in X, by Lemma 3.4, 
(f/AY (V) = Аг (У) is рге- 1 — open in A. Hence ЎА is strongly рге — J —- continuous. 

Theorem 3.9. Let f : (X, т, Г) (Y, v) be а function and (А, : ЛеЛ| be a cover 
of X by pre ~ J ~ open sets of (X, т, D. Then Е is strongly pre — J — continuous if ГА, : 
A, — Y is strongly pre — / — continuous for each ХА. 

Proof. Let V be any semi — open set of Y. Since НА, is strongly pre — J — continuous, 
then (РА, ) (V) is рге — / — open in А). Since А, is pre — / — open in X, by Lemma 3.6, 
(f/A;)- (V) is pre — Г- open in X for each Ле A. Therefore, (У) = X ^ (У) = ДА, A 
fV) : Xe A} = {ANIV : А EA} is pre ~ / — open in X because the union pre - 
I — open sets is a pre ~ / ~ open set [6]. Hence f is strongly pre ~ Z — continuous. 

Definition 3.10. [5] A function f : (X, t, I) > (Y, v) is said to be irresolute if f (V) 
is semi — open in X for every semi — open set V of Y. 

Theorem 3.11. Let Г: (X, т, д — (Y, v) — 7. be functions, then the composition 8 
of : (X, т, D > Z is strongly pre — / — continuous if f is strongly pre — 1- continuous and 
g is irresolute. 

Proof. Let W be any semi — open subset of Z. Since g is irresolute, then g (W) is 
semi — open in Y. Since f is strongly pre — / — continuous, then (gof (W) = f-'(g-!(W)) 
is pre — J — open in X and hence gof is strongly pre — I — continuous. 

Definition 3.12. [3] A space (X, т, J) is said x is I — submaximal if every t* — dense 
subset of X is open in X. 


Definition 3.13. [3] A space (X, т, J is said ю ке Р-1- disconnected (briefly P.I.d.) 
if the Фа АЖ єт for each A єт. 


Theorem 3.14. Let (X, v, D) be an 1- ont над and P — 1- disconnected space. 
Then, the following are equivalent for a function Е: (X, т, 0) — (Y, 9): 


(i) Strongly pre – / — continuity €» strong, 0 —. / — continuity. 
(ii) Strong a — pre — / — irresoluteness «€» strong В — pre — / — irresoluteness. 
(ii) œ-— I — irresoluteness €» Q — pre — / L continuity. 


(iv) Continuity < о — / — continuity €» pre — I — continuity. 
| 


' 
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Theorem 3.15. Let (X, т. Г) be a 7 — submaximal and P — I — disconnected space. Then, 


the following are equivalent for a function Е: (X, v, J) — (Y, 1): 


(i) Strongly pre — I — continuity €» à — рге ~ I — continuity © pre — J — continuity. 


(ii) Strong a — I — continuity © Q — / — irresoluteness €» & — I — continuity. 


Proof of Theorem 3.14 and 3.15 follows from the fact that if (X, т, D is Z — submaximal 


and P — J — disconnected space, than t= О/О(Х) = SIO(X) = РЮ(Х) [3]. 


The authors wish to thank the referee for this valuable suggestions. 
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BIONOMIC EQUILIBRIUM AND OPTIMAL 
HARVESTING IN A TWO SPECIES PREY-PREDATOR 
FISHERY MODEL WHERE PREYS FIND REFUGE IN 

THE SPACE 


D. K. BHATTACHARYA, S. MANNA AND S. BEGUM 


ABSTRACT : The paper considers the combined harvesting for infinite time horizon of a prey-predator 
system in which both the prey and the predator obey the law of logistic growth and some preys avoid 
predation by hiding. First of all, it studies how the dynamic equilibriums of the exploited system behave 
relative to that of the unexploited system, so long as the effort of exploitation remains positive. With 
this knowledge it proves geomctrically the existence of a Bionomic equilibrium of the system under 
linear type of revenue function. Next the concept of bionomic equilibrium is applied to determine the 
threshold values of cost per unit effort, and the maximum value of the effort This maximum value 
of the effort determines the control set. With this knowledge of the control set, the total revenue is 
optimized by applying Pontryagin's maximum principle under two types of depreciations, one is the 
standard one and the other one varies from model to model. In fact, the optimal path, the optimal 
biomasses and the optimal effort are obtained separately. Lastly, the results are verified by special choice 
of parameters. 


Key words : Bionomic equilibrium, Pontryagin's maximum principle. 


1. INTRODUCTION 


The concept of Bionomic equilibrium as given in [7] was redefined in [2] to make it 
free from the shortcomings. In fact, in [2] a bionomic equilibrium is defined as the point of 
intersection of L'=0 (the locus of dynamic equilibrium) and л = 0 (the profit function) and 
it is denoted by (x, у,.), provided both the coordinates are positive and the effort of exploitation 
E remains positive at that point. 


In [7] [8] the existence of Bionomic equilibrium was simple as both L' = 0 and л «0 
were straight lines. The existence becomes difficult if one or both of L' = 0 and л = 0 are 
nonlinear. The existence of Bionomic equilibrium under general forms of locus of dynamic 
equilibrium and revenue function given either by a straight line or by a plane was considered 
in [3], [4] [5] and [6]. The present paper adds in this direction by considering a general type 
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of prey predator model, where the preys find refuge in the space. There is another motivation 
in considering this paper. In fact, in harvesting problems of infinite time horizon under the 
standard depreciation, the transversality condition which occurs, is not mathematically justified 
[1]; but still it is in practice. The-present paper finds an alternative way of optimization, where 
such mathematically absurd condition can be avoided. 


2. PREY-PREDATOR MODEL 
We consider the following Prey-Predator Model 


D 4 = 1-5) Qy(x — kg), % = sy(1- 2] + ma - ko» 


under the restrictions (i) x > Kẹ (i) г> o L and (iii) s >т а Ky, where 
x = x(t) = size of the prey population at time t. 
y = y(t) = size of the predator population at time t. 


K - environmental carrying capacity of the prey. 


i 


L = environmental carrying capacity of the predator. 

Ky = Number of prey that finds refuge somewhere in space. 
© = Predation parameter, m = conversion factor. 

r = maximum specific growth rate of the prey. 

s = maximum specific growth rate of the predator. 


The model is biologically justified. Under the assumption that both the prey and the 
predator are subjected to the same effort E and under the restrictions (i), (ii), (iii) and (iv) 
[aL 4, > 5 qi]. 9 95 being the catch ability coefficients of х and y respectively, the яриан 
form of (1) is taken as 


(1) & = rx(1- 2) - ay(x — ky) - q EX, 2 - (1-2) + mae ~ ty) = авул> ky 


3. DYNAMIC EQUILIBIBRIUM 


Theorem 1. For the model (D, the dynamic equilibrium (x, y) occurs in the positive 
quadrant of the XY plane and it is asymptotically stable. Further x > А, y > L. For the 
exploited model (II), the dynamic equilibrium ((x),, (y),) for E > 0 occurs in the positive 
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quadrant if E < 5100, Further it is also locally asymptotically stable. Lastly, for ай E 


qa 


> 0, if (x), < Хх, then (P), < (Ӯ). 


Proof. If A = pos + тоё), В = s(r- 01) + 2то 1, C= okoL(s — mako), then 
= 1 2 i 
redire +Ж4АС |>0 122 (1) 


у= 2 m[smaG-kR]»0 Шш Q) 


Obviously x > ky, y» L. 


Now ((х)., (y).) of (ID) satisfies the equations 


кж), - e| oy), - hy) жу 1- 92e |- тобӱ) (9), - ky) 
kk " Ed Bem us 
qx). q;G), 
So we have, 


9), = Lis - ФЕ) + то((х), ~ kg)] > 0, if E < vs 2” (5) 


Again if (iv) holds, then . 





_ QLkols - mako) s — той 
>0, f E< ae ш : 
Oe ста ето о Хо: Ф 
- mak, 
As s- mak < s, so (X), > 0, also (y), > 0, if еза. 


Again from (2) and (5), we have (7), ~ У = ФЕ + ma((X), ~ x)] 
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So, if we take (X), < X, then for E > 0, we have (y), < y. 


This completes the proof. 


4, BIONOMIC EQUILIBRIUM 
Theorem 2. 


Let the exploited prey-predator model be given by (II). Let the net profit be given by 
7 = рх + рдуу — Cg . L^ 0 ди (6) 


where p,, р are the selling prices of unit biomass of x and y respectively and сү, is 
the cost per unit effort. Then for this model there exists a unique feasible bionomic equilibrium 
(х. уш). Further, the thereshold values of cost per unit effort cy are determined from 


Ю<ху< x and L< y, < y. Lastly, corresponding to each such value of c, Е, „х exists 
and Fax « з- ток 
Ф 


Proof. The zero profit line л = 0 is given by рајх + р,ду — со = 0. To determine . 
the locus of dynamic equilibrium L' = 0, let us write a = 014, — sq, > 0, b= Одо > 0, 


а= © 0 poo. ся EIS > 0, Then L' = 0, is found to be a hyperbola 
Ф Lg, ^". 92 
passing through the origin whose equation is given Бу Ше general form 
АХ + 2Нху + Ву? + 2Сх + 2Еу+ C=0 ee (7) 
АзА-а > 0, Н--4Р > 0, gs 28 аас РА <0, plo c, 
AHG 
A=| НОЕ | +0, 8 2 A'&' н? = -H? < 0. 
G' ЕО 
t , Р 2 
Let us now change the origin to the point (с, В) = C 2 22 zd | 


Then (7) is reduced to 
Ax? + 2Hxy + ffi, ВО а (8) 
where Хо, В) = Ай? + 2Ha/f' + 2G'a' + 2F'B'; and (х! у) represents the point 
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(x, y) in the new co-ordinate system. As a’ > 0, so to find out the nature of L' = 0, we consider 
the following possibilities: 


1. 0) a >0, В >0, (0, В) > 0, 
(ii) a > 0, В > 0, fla’, B) < 0. 
2. (i) à» 0, В < 0, fla, В) > 0, 
(i) a > 0, В < 0, Ко, В) < 0. 


И is found that, in ай cases, the asymptotes of the hyperbola are given Бу х = 0 and 


1 А" t t , 
y= (Arh > 0, H’ > 0). 


In case 1(1) (fig. 1), I' is the only branch which passes through the origin, but it is not 
a feasible branch, because if Р (х, 0) is the point where Г meets the x'-axis, then 


= fe) В) 


<0 and so х! becomes imaginary. 


In case 1(ii) (fig. 2), /' is the only branch passing through the origin and it is also feasible. 
But no portion of the branch /' contains points of positive quadrant. Hence the question of 
existence of feasible bionomic equilibrium does not arise. 


In case 2(i) (fig. 1), П is the only branch, which passes through the origin, and it is 
also feasible. Again, in this case, feasible bionomic equilibrium like Р(х Y.) exists, as this 
lies in the positive quadrant and E is positive at this point. In fact, if we choose О + (X, y) 
where E = 0, it is found that the locus of ((x),, (У),) follows the аге QPR so long as E remains 
positive. 

In case 2(1) (fig. 2), Г is the only branch that passes through the origin and it is also 
feasible. But no portion of this branch lies in the positive quadrant. Hence in this case also, 
the question of existence of bionomic equilibrium does not arise. 


Thus bionomic equilibrium exists only in case 2(i). In this case, (x, у.) is determined 
by the intersection of (8) and (6) (equated to zero), threshold values of cy are determined from 
the relation 


kos xs x L«& ya € VO a (9) 


Corresponding to each value of со, kept under proper limits as determined by (9), E nax 
is obtained from (4) by putting ( X), = X.: To avoid complications of calculations, we obtain, 
the threshold values of cy and the maximum value Ех of the effort Е, for special choice 
of parameters. 
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This completes Ше proof of the theorem. 

Theorem 3. Let the exploited system be given by II. Let the standard discounted revenue 
be given by, 


= [ «tras + рфуу — cg] E(t) dt 


Ве V = [Ep E max!» E, = E(0), 
Then the optimal path is given by, 


(рфх + Pod2y Eb (P 5.90764 ЕЭ 2492 moë y(x- w} 


- [fena + 24 eem (i) е 


t | + (= + PP pa - 0х - toa Hoi = +) + тох — «| =0. (10) 


The optimal biomasses xg and yg are determined by the point of interesection of (7) 
and (10). Lastly, the optimal effort E* is obtained by using the above value of Xs in (4). 


Remark: The proof follows by applying Pontryagin's principle. But the, trasversality 


conditions that occur are the following, viz., ast — оо, 
id 


(8а + | + тоурада Е max 


eA) 








This type of conditions are not mathematically justified [1]. - 


So we consider the following. 
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Theorem 4. Let the total discounted revenue for the exploited system (II) be given by 
1 
J= Газ (рх + poqay — бу) ЁС, 


(p,dyx + Px — CoE = (e, 8 > 0, E() e VE, , SuplEmadh Ello) = Ef) 


Then the optimal path is given by, 


X 


(рах + Paqay — су) тад y(x- ky) + {may ( — ky) + За + та 


Ч {рил + риу} га 1- i - у(х - 5) 


(к + =? - puo — юы! Б i + mo(x - «| C M 2) 


The optimal biomasses x; are obtained by the intersection of (7) and (12). Now using 
the value of xs in (5), the cptimal effort E* can be obtained. 


Proof. The Hamiltonian for (П) and (11) is given by, 


-QE 
He ваї рыу а)80) “МӨ|РО6О)- «Е + 0160,0) - pE] 


- алтер таа -Хар- 21 FA FG A 0GQ) 21% 


where À (0 and A,(t) are the adjoint variables to be determined suitably. 
Now the adjoint equations for A,(t) and 2,(t) are given by 
dh; 


“үрээ -PJE + A) а -r+ эх + оу] - МА (1) тоу 
17:22 n 


2: =~ + о. А (00 – к) + 20) е -s+ 2» - ma(x — «| 


Now with те help of (13), Ше we can reduce Ше above equations respectively to, 
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А. - -ay +À ще + ау). Жо). тоу 


дА 2 PRE sy 
Tun PR a. X) = ko) + My (0) | 
Solving (14) and (15), we get 


ЛО = А.е" + B, е2 


5 6-2 
Poqoinay + Риу Е + pos РФ — Рофтоу - Psy ...| EW 
L jt t L 


Ino? у(х - kp) + 30. er 


Ж0) = Ае“ + В.е 








where А, A, and В, B, are arbitrary constants and Œ}, 0, are suitably expressed in 
terms of the given parameters. 


Now putting A, = A, = 0 and B, = B, = 0, and taking limit under the integral sign, 





we have 
Pogomay + zas) E max 
6+2 
г A (t) — 
ma? ЕРТЕ Эр ‚(+ оду 2d 
4 ta a? pro, - pigyo(x ii 223 
Aale) 
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Taking H to Ше maximum for some EeV, (contro! set), we have oH =0 
So, рух — рУ - Cg - PO gx + Ау) = 0. 
Hence the optimal path is given Бу, 


Фау ~ ру - $) 






45у ок 
СЕ + Ее + ФЕ $ на = рох ~ 2 


2 у(х — Ко) + ВЕ + 2 





х 
Consider the bionomic equilibrium (ко y,) and using Ше value of E given Бу 


м|1-4| ale - ko)y _ o(1-7)+ mal- ko)y 
иг сн 


E= , we find that (19) reduces to (12); 


finally putting ха = (X), in (4), E* is obtained. 


E* for special choice of parameters, and verify our results by showing that E*e Vt. 


5, VERIFICATION OF THE RESULTS BY SPECIAL CHOICE OF PARAMETERS. 
r=3,K=8 0 = 2, к= 1, р = 3, 4 = 1 
5= 5, Е і, м = 1, P = 2, ф = 3, 


Herer> a і, => пок,аГ 4 > зд А = 47 B= 13, С-6 


a'=6>, B= -8 «0, /(сс,В)»0 


Hee х = (13+ V310) and у= 


245 + 84310 
2347 ааа 


235 


L' = 0 is given by 25x? + Вху - 48x 48у = 0 and л = 0 is given by Зх + бу - Cy = 0. 
(x, y) is the intersection of L' = 0 and m = 0. 


18 
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Ths x = ~2(cy - 18) + 24ке, - 18)? + 378a, 


63 


md y _ 23a, - 36- Ay (eq - 18)? +378% 


126 


Using Ку < х, < X, L< у, < y, threshold values of со are found to satisfy 


13.2 < с < 17.67. We choose Cy = 14, then х, = 2.4, у, = 1.11. It follows from (4) 


25 


that corresponding E = .93. Also putting x = as and y = 0 in (3), we get E nax = 2.28 (approx). 
Thus Ех € Ve | 


б= 1. 


Calculation of x5, ys E* for result of theorem 3. 

We consider 6 = 1. 

Then the equation of the optimal path is, 

56х2у2 + 282х3у — 1318х2у + 18x? + 960у3 — 72xy? - 90x? — 362xy 
-1312y? — 112x — 224y = 0. 

Now solving the above equation and 25x? + 8xy — 48x — 48y = 0. 


we get ys = 1.5 (app). But xs = —3.5 < 0. Hence (xs, xs) is not a feasible point, when 
But this does not mean that (Xs, xs) is not feasible for any ò > 0. In fact, the feasible 


(Xs, xg) may be obtained from the same result if 6 > 0 could be properly chosen (which can 
not be apprehended at random). This indicates the main drawback in assuming the discount 
ей, where 8 > 0 is arbitrary, apart from the occurrence of mathematically unjustified 
transversality conditions. 


Calculation of ху, ys, E* for result of theorem 4. 

The equation of the optimal path is 

564 x 2y + 282 x 3 – 1408 x 2 — 816xy + 960y2 + 304x — 288y — 1120 = 0. 
Now solving this equation and 25 x 2 + 8xy — 48x — 48y = 0, we get xs = 2.5 (approx.), 


yg = 1.295 (approx.). Putting this value of xs in (4), we get E* = 0.5089 (approx.). 


Hence Е є ЫГ 
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ON RELATIONS BETWEEN CERTAIN TENSOR AND 
SEMI-SYMMETRIC SPACE 


Малкото YAwATA AND Нюеко HASHIGUCHI 


ABSTRACT : We define the tensor И = (Ну? by 


H, = -R “Raku xx Ки R 


2 [2 а LEN a v 
hy Jau Rin R Ки Rian 4 


иш" ши 
If the tensor H satisfies Ше condition H = 0, then Riemannian manifold (M, g) is semi-symmetric. In 
this paper, we also define new tensor A = (Ади ) of type (1.5) by 


I 
и v үр а 4 и 
А пици F У, У, R iku Б R un Ry, 5230 ШҮ? 


where Р = (Рди?) is given by 


1 
Y n Y а У а d У а v a ура . 
Руш 5 Rma Riku +: Ка Кри + > (К Кци E R ka R pju d Rita R + Rr Ками > 


hja yu 


As a conclusion, we obtain some relation between A, H and semi-symmetry. 


1. INTRODUCTION 


Let (M, g) be a Riemannian manifold with metric tensor g and R its Riemannian curvature 
tensor. A locally symmetric space satisfies the condition У К = 0. From this equation, we have 


(1.1) R(X, Y.R = 0 for all tangent vectors X and Y, 


where the endomorphism R(X, Y) operates on К as derivation of the tensor algebra at 
each point of (M, g). The manifold (M, в) which satisfies the condition (1) is called a semi- 
symmetric space. Z.I. Szabo gives the full local classification of Riemannian senti-symmetric 
spaces ([5]). H.Takagi and K. Sekigawa construct counterexample ([3][6]) with respect to locally 
symmetric space. There are many references relating local-symmetry and semi-symmetry (for 
examples (11(2114| and so on). 


2. SOME NEW DEFINITIONS AND ALLIED PROPERTIES 
Let us define the tensor H by 
H(X, Y, Z, W) = (R(X, Y)RZ, W) + (RZ, W)R)(X, Y), 
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and the compoments are given by 
Ve es а y а 
Неда = Rp R aku © R nik R 


‘faut 
The condition H(X, ¥ 2, W) = 0 is eqivalent to the condition (1.1). Also, Н satisfies 
the following conditions 


H(X, Y, Z, W) = -H(Y, X, 2, W) 
H(X, Y, W Z) = -H(X, Y, Z W) 
H(X, Y, 2, W) + НЕ Z, X, W) + H(Z, X, Yy W) = 0. 
The tensor field H also satisfies an additional condition 
H(X, Y ZW U, V + НС, W, U, V X, Y+ НО V X, Y, ZW) = 0, 
where we put H(X, Y, 2, W, U, V)= g(H(X, Y, Z W)U, V). 
Next, we define new tensor A of type (1, 5) by | 


v a v a v 
hij T R kh Rain De Ки Ryu 5 


A(X, Y, 2, W)U = (VĒRXZ, W, U; Y; X) - R(X, RZ WY)U - FP Y, 2, ЮО, 


where V?R and P are given by 
(V?R(Z, W, U; Y; X) = (VV RXZ, WU - (УухуКХ2, WU, 
(2.1) Р(Х, Y, 2, W) = [R(X, Y), R(Z №)] 


+ FIR, 2), RY W- FIR, №), RY 27]. 


The components of A is given by 


E 1 
Ашиг = Viv Rus E Ragu Кры" E 2 Редки. 


where P = (P 


шш) is given Бу 


300 1 
Ради = Rhia Ка Каа Ки + 2 Ка Кии“ - Каа Каш ~ “ма Кш“ + Куа Киш 


Then A has certain meaning of the decomposition of Н, namely 

Theorem 1. Let (М, g) be a Riemannian manifold. Then we have 
A(X, Y, Z W)U - A(X X, Z, W)U = H(X, Y, 2, WU 

for any vector fields X, Y and Z. 

The proof of Theorem 1 will be given in Section: 4. 
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Corollary 1. /f A(X, Y, 2, WU = A(Y, X, Z, W)U for any vector fields X, Y, Z, W, U, 
then H(X, Y, Z, W)U = 0, that is the Riemannian manifold (M, g) is a semi-symmetric space. 


Next we shall observe the properties of A; 


Theorem 2, Let (M, g) be a Riemannian manifold. Then the tensor A defined by (6) 
„has the following properties; 


A(X, X; Z W) = -А(Х, X W 2), 
A(X, Y, Z W) - AX, Z W Y) АХ, Ww X 2 = 0, 
A(X, X, 2, W) AZ X, W X) + AWW X, X, 2) = 0. 


We also observe the similar equation for the tensor P in Section 3. We will prove Theorem 
2 in Section 4. 


At last we mention the relation between new tensor P and locally flatness, namely; 


Theorem 3. Let (M, г) be a Riemannian manifold. If the tensor T defined by 


T(X, Y, 7, W)U = R(X, R(Z W)Y)U + Р(Х, Y, Z, W)U satisfies the condition 


a а а а 
T, hj 2 T kh + Т, S < 0, 


- ajhik akluj 
then. (M, е) is locally flat. 


3 THE PROPERTIES OF THE TENSOR P 


This section does not have direct relation to the proofs of theorems, but we shall 
observe the similar properties of the tensor P to that of the tensor A, which will be proved 
in Section 4. 


Let P be the tensor which was already defined in (2.1). Then the symmetry and skew- 
symmetry of P are the following. 


Proposition 1. The tensor P satisfies the following conditions; 
P(X, Y, Z W) =- P(X, Y W, 2), 
Р(Х, Y, 2, W) + P(X, 2, W, Y)+ P(X, W Y, 2) = 0, 
Р(Х, Y, Z, W) + P(Z, X, W X) + P(W Y, X, 2) 
= 2[R(X, Y), К(2, W)) + 2[R(Z, Y), ROW, X)] + 2[R(W, Y), RX, 23. 


Proof. The first equation is trivial by the skew-symmetry of R. Other properties are proved 
by straightforward calculations as follows: 
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Р(Х, Y, 2, №) + Р(Х, 2, № Y) + Р(Х, W Y 2) 


= [R(X, Y), RZ, М) + ДОК, 2), RO; WI- 180, W), RY 2) 
+ [RX 2), ROW, Y + FIRA, И), RZ YI- FRX, Y), RZ, W) 


+ ОК W), RO, 232180, Y), RW DI- ОК Z), RW, ҮЛ = 0, 


апа 2 : 
Р(Х, Y, 2, М + РОК W X) + P(W. Y, x, 2) 


= кос Y), RZ Wit FIR, 2), RW W- 1IRQCG W, RY, 2) 
+ [RZ V, RO х + LR, М), RY X) -. 10802, X), RE W) 


+ (RW, Y), RX, Zl + 21808 X), RY 2] -. +RW, 2), RX, Y] 


= 2[R(X, Y), RZ, W)] + 2[RGZ, Y), КО ХУ + 21КОУ, Y), R(X, Z). 


4. PROOFS OF THEOREMS 1 AND 2 
First of all, we prove Theorem 1. By the definition of А, we have 
“A(X, Y, 2, W)U - AQ; X, 2, ЮО = (V*R(Z, W, U; Y; X) - (У2ЕХ2, W, U; X; Y) 
- R(X, К(2, W)Y)U + R(Y, R(Z, W)X) 
- ir. Y Z wu + ек X, 2, WU 


= (R(X, Y)R(Z, W)U + [R(Z, W), R(X, YU. _ 
- К(К(2, ИХ, YU — R(X, RZ WU 
= (RX, Y)R(Z. WU + (RZ, W)RXX, YU 
= A(x, Y, Z, W), | 
which concludes Theorem 1. 
Next we prove Theorem 2. By the definition, we have imediately 
A(X, Y Z, W) = -A(X, Y, № 2). 


ON RELATIONS BETWEEN CERTAIN TENSOR AND SEMI-SYMMETRIC SPACE 


29 


The second equation can be scen by using the second Bianchi's identity and the symmetry 
o R as follows; : 


A(X, Y, 2, W)U + A(X, Z, W, Y)U + AX МЕ ZU 


= (V?RYZ, W, U; Y; X) + (V?RYW, Y, U; Z; X) + (УКИ Z, U: We X) 


- R(X, RZ, W)Y)U — R(X, RW, 020 – R(X, RY ZW)U 


- FIR Y), REZ WJU- FIR 2), RO; WU- [ROG W), RZ YU 


- ТАО 2, RW, YU- (ROG W, RZ YU - FRX, Y), RW, DIU 


- FIR, W), RY, DIU- 4180, Y), RW, DIU- FIR 2), RO, WU 


0. 


The third equation is proved by direct calculation as 


A(X, 


Y, 


2, МИ + AZ Y, W, XU + ACW. Y, X, ZU 
СУ2ЕХ2, W, U; Y: X) - R(X, R(Z, WY)U – Р(Х, Y 7, WU 


+ (RW, X, U; Y: 2)- RZ, RW ХУУ - ТР, Y, W NU 
+ (WRX, Z U; Y; W) - RW, RX, 200 - 5 РОК Y, X, DU 


(R(Z, X)R)W. Y)U + (ROW, Z)OR(X, Y)U + (R(X, W)R)Z, YU 

- R(X, К(2, W)Y)U — RZ R(W, X)Y)U - RW, RX, 270 

- [R(X, Y), RZ, W)JU — [RZ Y), ROW, X)JU - (RW, Y), R(X, DJU 
[R(Z, X), R(W, JU – К(К(2, X)W, YU - RW, R(Z, ХУШ 

+ [R(W, 2), R(X, YIU - КОКС, ZX, Y)U - R(X, КИ Z)Y)U 

+ [ROG W), К(2, YU - RR(X, WZ, NU- RZ RX, WYU 

- R(X, R(Z, W)Y)U - R(Z, RWW, X)Y)U – RW, R(X, ZY)U 


— [R(X, Y), R(Z, WJU — [R(Z, Y), ROW, ХО – (ROW, Y), R(X, 2)]0 = 0. 


which concludes Theorem 2. 
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5. PROOF OF THEOREM 3 
In this section, we prove Theorem 3. 


Let T, шш. Бе а tensor field defined by 


» 1 
Туш. = Riau Rike + 29 ийг 
where Рр" is defined in (2.1). Then by ће definition of Р цуг» we have 


1 
(3.1) Tanki = КАК а + 3 Er Ria Ria Roni) 
1 b b 
+ GRR ма 7 КК Киа Ryo + Куа Rog”): 
If we put Brig Drnje Е by 
= b b b 
Brig = Кры = Кај + К,а 
d b b b 
Dain = Кор ~ Крава + Ray Ra 
Ед = Кк Карк + КК дж + ККмак + Ку Къде 
the formula (3.1) implies 


1 
а а а CU V AS 
To = Тара + Tant = Тар = Brie + Ры + 4 Еми 


: 4 7 Е "T T г 
So, if we suppose Тедо — Тар + Так = Тар = O which is the assumption of Theorem 


3, we have 


Ї 
Bri + Рык + а Бак = 0 
Therefore if we put 


Ну = АВ - Е ие 
then 


(3.2) Any + 40 + 2Е жк = 0. 


By contracting (3.2), we have 


З Ry RP + В КР = 0. 


From this forniulà, we obtain Кж = 0, namely M is locally flat. 


‚1 АР, ДД 


fe; 
ed 
» хэд - 
ае МАР а 


4 n 
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FIXED POINT THEOREM FOR HILBERT SPACE 


*SMITA NAIR AND **SHALU SHRIVASTAVA 


1. INTRODUCTION 


The study of properties and applications of fixed points of various types of contractive 
mapping in Hilbert and Banach spaces were obtained among others by Browder [1], Browder 
and Petryshyn [2, 3] Hicks and Huffman [4], Huffman [5], Koparde and Waghmode [6]. In 
this paper we present a common fixed point theorem involving self mapping. 


2 THEOREM 


Let S, T be non-commuting self maps of a closed subset C of a Hilbert space H satisfying 


ally - тв +x- snp 


эр шыш PRO 


|тх-тэ < 


for all x, y € C, a, b being positive real numbers such that 0 < а + b < 1. Then ST, 
TS have a common fixed point 


Proof : We define a sequence (x,] as follows 

ST(Xq) = хр 1504) = хә, STU) = x s. 

In general 

Тор) = Xp TSE) = X442 for n = 0, 1, 2, .... 


If xj, = Хо = Холу for some n then we see that x», is fixed point of ST and TS therefore 
we suppose that no two consecutive terms of sequence (х,) are equal. 


Now consider 


basa = Зала = |STx,, - тх 


34 


have 
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р а, = ТХ 1+ е, - ST | 


1+ lo, ни, хуар 


| Эв» = PN d + bona 7 d 


P albos — Gul 1+ |, аа хий 
1+ [х„ т d 


"рол = Xone’ + Бон" он | 
«арын голо + Рол = zane? + [zns = sal] 
< (а + рол — Ха + юл — Ха 
[1+ (а + ын 7 холна S Рол о 
bass ll < (Ер вол f 


So in general 


ls f (26) 








< (55) bo-af 


1 
bg. 
(- + 5) z4 
|5, = хы < рх гт xil 


Now, we shall prove that (х,) is Cauchy sequence, for this every positive integer p we 
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Xn T Хан T Хур +2 + Ха te X84 p-1 за ax] 


ls. xj 2l = 


< lx, Ян + + [хз = Xa] Tu 


< le +"?! +...+ КР р -x| 











бури ш TE 


< en +К +... + КР ро -х| 





sg gl sl 


8 n — оо, 


|х, — x,,,l| — 0 Therefore (х,) is a Cauchy sequence іп C. As C is a closed subset 


of H, so there exists a point z in C such that lim x, = с. 
neo 


Existence of Fixed Point 


Consider 
lz- т = [2-и + Хиагт т: 


-ЇЕ-хын ЭГ төг 73] + Re(z хо Хан = T32) 


а - т: + ||, 7 570, А 


= |2-х + 
|: за TI. 


ро Е 570? +[= 154 | + Ке(с- Хар Холу — 152) 


a|z = т: 1+ | Xone) T Холна 


1+ Дон = a 


S le- nal + 


+ 5 рола = Хол | + |: ын та | + Ке(с- луу, Хол - 152) 
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AS (Хо) (Хора) are subsequences of (хо) 88 п — со 


Хол 79 Z ода > 20804 (2- Хэр Hyg 7 TSZ) > 0. 


Therefore 
Це- 7а|Р < (a + b) | 75] 
1-(4-5) | -15:Г < 0 
=> TSz z 


Similarly we can prove that STz = z. 

This shows z is the common fixed point of ST and TS. 
Uniquencess 

Let us be another fixed point of ST and TS then 

lz- ul? = |157 — TSuf? 


а|н-Тя |е Steff 


< 1.1: blje- sra + Ju- Tf | 


a|u - ир 1e |z- z 


И, ЭЕ-4 +u- f 


Le]e- «f 
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SOME COMMON FIXED POINT THEOREMS IN 2 - 
METRIC SPACE 


SHALU SHRIVASTAVA AND SMITA NAIR 


ABSTRACT : The aim of this paper is to prove common fixed point theorems in 2 — metric space. 
Key words : Fixed points, 2 — metric space, asymptotic regularity of sequence, compatible maps, Intimate 
mappings. 

1, INTRODUCTION 


Gahler [1] introduced the concept of 2 — metric space. An algebric structure (X, d) is 
called a 2 — metric space, where X is a non empty set and d is a real valued function defined 
on X x X x X satisfying the following condition. 


[M,] For distinct points x, y € X there exists a point z € X Such that d(x, y, z) # 0. 

[M,] d(x, у, 2) = 0 if at least two of x, y, z are equal. 

[M4] 20 y, г) = 40, z у) = dy z х) 

(Mj di, y, 2 S dx, y a) + d, а, г) + Фа, у г) Ухугаех 

We first state some useful definitions. 

Definition 1: A sequence {x,} in a 2 — metric space (X, d) is said to be convergent 
to a point x € X denoted by 


lim x, =x if lim d(x,,y,z) = 0 


пу Hn-399 
for all z є X; the point X is called the limit of the sequence {x,} in X. 
Definition 2: A sequence (x,] in a 2 — metric space (X, d) is called a Cauchy sequence 


if mn lim d(x, x, 2 = О foral ге X. 
Romp оо 


Definition 3: A 2 — metric space (X, d) is said to be complete if every Cauchy sequence 
in X is convergent. 


Definition 4: For self mappings 5 and T of a 2 — metric space (X, d), a sequence (х, } 
in X is called asymptotic regular with respect to the pair 


(S Т lim d(Sx,, Tx, a) = 0 for all a € X. 
no 
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Definition.5: The pair (S, T) is called compatible if lim d(STx 


Ed „ Т5х„ а) = 0 for all 
ае X 
whenever (x,] is a sequence in X such that lim Sx, = lim 7х, = ¢ for some t in X. 


n по 


The concept of asymptotic regularity for a рап of maps was introduced by Rhoades 
et al [4]. Also the concept of compatible mappings was introduced by Jungck [3]. Singh S. 
L. and Virendr [6] have proved a common fixed point theorem in complete 2 — metric space. 
Using the concept of compatible mappings, we prove the following fixed point theorem. 


In 1976, Jungck [2] gave a common fixed point theorem for commuting maps which 
generalizes Banach's fixed point theorem. This result was further generalized and extended in 
various ways by many authors. Further Jungck [3] introduced more generalized concept of 
commutativity, so called compatibility, which is more general than that of weak, commutativity. 


Recently Sahu, Dhagat and Srivastava [5] generalized the concept of compatible mappings 
of type (A) so called intimate mappings. 
Definition 6: Let (X, d) be a 2 — metric space. A, 5 be two self maps defined on X. 
Then the pair (A, S) is said to be compatible of type (A) if lim d(ASx,, SSx, a) = 0 and 
no 
lim d(SAx, ААх, а) = 0 V ae X whenever (x,] is a sequence such that lim Ax, = lim Sx, 
ne 


Hn о Нэгусо 
= ¢ for some ЇЄХ. 


Definition 7: Let A, S be self maps of 2 — metric space (X, d). The pair (A, S) is said 
to be 5 — intimate iff о d(SAx Sx» а) < а d(AAx,, Ах, а) where @ = lim sup or lim inf, 


: : ub li нэ В 
{x,} is a sequence in X such that lim Ах, a Sx, = t for some t€X. 


Preposition 2.1.: If the pair (A, 5) is compatible of type (A) then it is both А and 5 
intimate. 


т 


Proof: Let (x,] Бе a sequence in X such that lim Ax, = lim Sx, = t for some tex. 
n=% 


n=% 
Ё Then 
d(ASx, Ax, a) S d(ASx,, SSx,, а) + d(ASx, Ax, SSX) + d(SSx,, Ax, а) 
d(ASx, Ax, a) 5 4(55х,, Ax, a) S d(SSx,, Ax, Sx,) + d(Sx,, Ах, a) 
+ d(SSx, Sx, a) 


т 


od(ASx, Ax, а) < 00 + «0+ 0.4(55х, 5х, а) 
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Implies 


a а(Адх, Ax 


m m 


а) S a 4(55х 


m 


SX,» a) 
Thus the pair (A, 5) is A — intimate. Similarly we can prove that (A, S) is S — intimate. 


Preposition 2.2.: A and 5 be self maps of a 2 — metric space (X, d). If the pair is 5 
— intimate and Ar = St = p ЕХ for some г ЕХ. 


Then d(Sp, р, а) < Ар, p а) V a Ex. 
Proof: Suppose x, = t for all n 2 1 
So Ax, = 5х — At = St = р 


Since the pair is S — intimate then 


d(SAt, St, a) = lim d(SAx, Sx, а) 


J 
пЭ од ! 


lA 


lim d(AAx,, Ax, а) 


Hoo 
= d(AAt, At, a) 
implies d(Sp, p, a) € d(Ap, p, a) 


Main Result 1: Let Р, S, T be self mappings of a complete 2 — metric space (X, d) 
satisfying 


(3.1) d(Px, Py, a) < a,d(Sx, Px, а) + а, Ту, Ру, а) V xx уа ЕХ. 

where а, а, are non - negative numbers such that a, < 1, a, < |. 

(32) The pair (Р, 5), (B. T) are S - intimate and T — intimate respectively. 
(3.3) P(X) с 500, P(X) c ТОО. 

Then Р S, T have a unique common fixed point. 


Proof: Let х ЕХ then by (3.3) 3 a pt х € X. s.t. Tx, = Px, for this pt x, 3 a pt x; € X 
st. Sx. = Px, inductively we can define a sequence {y,} in X as 


Yon = Тоа = РХод 


Jone) = Хэнд = Рх п = 0, 1, 2, ... 


We now prove that {у} is a Cauchy sequence. 
Considering (4.1) we have 


Фуз» Уоч» #) = Рх) Руни» а) 


42 
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5 a d(Sx»,, Por a) * а (Го PX a) 
S ау), р Уур 9) + 240 Ур 9) 
dy», Ул» #) S та) Ау), р У» 4) 
Чу» Уоч» 4) S ВУ), Yap а) 
where h= Ї "<i. 
то 
Now, 


d(y, Ynay 9) S Һу, Yp а) 5 -~ 5 Вур Yp a) 
For every integer p > 0 
40, Упър a) S h+ а +. + А 2] Avy Уур 4) 
| + В+ ht. + BP?] d Oy Ур Улар) 
SMT + A+. + 2100 Ур a) + doy Ур Упр)! 


п 
5 Toy do» Ур а) + ауу Ур Ул+р)) 


as n — со 


dy,» y, 4р а) — 0. Therefore {y,} is a Cauchy sequence in X. Let (y,] converge to 


a point р in X. Then Рх Top Sxon42 P 


Let Ч иЕХ such that Su = p. 

From (3.1) 

Ри, Px,, a) S a,d(Su, Pu, а) + а Тх,, Рх, а) 

88 n — со 

Ри, P, а) S ајр, Pu, a) + а, p, а) 

Ри, p, a) < а (Ри, p, a) 

Which is a contradiction. Hence Pu = p. As Р(Х) С T(X)dve X 

such that Ту = p. From (4.1) 4(Ри, Ру, a) S a,d(Su, Pu, а) + ах (ТУ, Pv, a) ар, Pv, 


а) S a,d(p, Pv, a) which is a contradiction. Hence Ру = p. 


As Su Ри = р. and the pair is S - intimate so by (3) we have 
d(Sp, p, a) S d(Pp, p, а). 
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Suppose Pp # p then from (4.1) 
а(Рр, p, a) = d(PPu, Ру, а) 
S a,d(SPu, PPu, а) + а (Ту, Ру, a) 
< 2a,d(Pp, р, а) 
Which is а contradiction. Similarly Tp = Pp = р. 
Hence, 5, Р Thave same fixed point. 
Uniqueness of Fixed Point. 
Let us consider another fixed point z such that, Tz = Sz = Pz = z. 
Then 
аф, г, a) 


а(Рр, Рг, а) 

a,d(Sp, Pp, а) + а, Тг, Рг, a) 
ар, z а) = 0 Уае Х 

This shows р = z. 


ІА 


2. ТНЕОКЕМ 
Let А, 5 and Т be self mappings of а complete 2 — metric space, (Х, 4) satisfying the 
following conditions. 


a,d(Ty, Ау,а)1 + d(Sx, Ax,a) 


< 
alan Aa) E 1+ d(Sx, Tx,a) 


+ ай(5х, Ax, a) + ayd (Ty, Ay, a) +a,d(Sy, Аууа) |. (1.1) 

for all x, y, a in X, where а,, а,, аз and a, are non negative numbers such that 
а + а, + а+ а < 1 
The pair (A, 5) and (А, T) are compatible Бы (1.2) 
There exists a sequence (x,] which is asymptotically regular with respect to (А, 5) and 
(A, T) 

S and T are continuous. өө (1.3) 
If d is continuous, then A, S and T have a unique fixed point. 88 .... (1.4) 
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Proof: Let (x,] satisfy (1.3) from (1.1) we have 


n nm? 


1+ d (Sx,, Tx,, a) 


a,d(Tx,, Ax,,a)l--d(Sx,, Ax,, a 
d (Ax,, Ах, а) < 1 ( ) ( п л Jl 

+ а(х Ax, a) + a,d(Tx,, Ax,, a) + a,d(Sx,, Ах, а) 
Making т, п — оо and using (1.3) we get 


lim. (Ах 


w АХ, @ = 0 for all a in X. 
туп-со 

Hence (Ах, | is a Cauchy sequence and so converges to some z in X (As X is complete). 
Also, 


d(Sx,, % a) S d(Sx,, Ах, 


> © 


а) + 4(Ах, 2 а) + d(Sx, 2, Ах) 


ГА 


Making n — со and using (1.3), we have 
lim d(Sx,, 2, а) = 0, So Sx, > z 
n 


Similarly Tx, > z 

Now from (1.4) we have 

SAx, — Sz Sx, = SSx, — Sz STx, > Sz, 
TAx, — Tz, fu = TTx, > Tz, TSx, > Tz 
Also from (1.2), we have 


d(ASx,, Sz, a) < d(ASx 


9 p 9Àx, а) + d(SAx, Sz а) + d(ASx, SAx,, Sz) 
d(ASx, Sz, а) > 0, asn — со 

So ASx, > Sz 

Similarly ATx, — Tz 


Now from (1.1), we get 


a,d(TTx,, 


ATx,, a)[1+ d(SSx,, ASx,, а) 
1+ d(SSx,, Тх,, а) 


п? п? 


d(ASx,, ATx, а) 


+ a,d(SSx,, ASx, а) + а; ТТх 


т 


ATx,, а) + a,d(STx,, ATx,, а) 
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ай ee ATx,, а) + d(S?x,, ASX,» а) 


1+a(S*x,, TSx,, а) 


n? 


+ a,d(S*x,, 


ASx,, a) + a,d(T°x,, ATx,, а) 
+ a,d(STx,, АТХ,, a) ... (i) 

Further 

d(STx, TSx, a) S d(STx, ASx,, а) + d(STx,, TSx, 


m 
S d(STx 


m 


ASx,) + d(ASx 


„ T$x, SZ) 
ASx, а) + d(STx, Т5х,, ASx,) + d(ASx,, ATx,, a) 
+ d(ATx, TSx,, a) + d(ASx,, TSx,, АТх,) 
i.e. 


d(STx,, TSx,, a) < d(STx,, ASx, а) + d(STx, TSx, ASx,) 


ad (1556 АТх,, «|! + d (S?x,, ASX; а) 


2 
1+ а4(5°х„ T$x,, a) + aj4d( 8 x, ASX,» а) 


т 


а х 


т 


АТх а) + a,d(STx,, АТх,, а) + ЩАТ, TSx,, a) 
+ d(ASx,, TSx,, АТх,) [from (1)] 

Making n — © we get 

аа (Tz, Tz, а)1+ d(Sz, 554) 


45 Tz, a) < d(Sz Sz а) + (5% Tz, Sz) + 1+ d(Sz, Tz, а) 


+ ayd(Sz, Sz, a) + a,d(Tz, Tz, a) + a,d(Sz, Tz, a) 
+ d(Tz, Tz, а) + d(Sz, Tz, Tz) 
ie. d(Sz, Tz, a) S a4d(Sz, Tz, a) 
It follows that Tz = Sz. 
Again from (1.1) we have 


ad (Tz, Az, a)[1+d(STx,, ATx,, а) 
d(ATx 


p AZ, а) 5 T 1 STx,, ТТА, a) + a,d(STx,, ATx, а) 


+ a,d(Tz, Az а) + a,d(Sz, Az, а) 
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of A, 


from 
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Making n — со, we get 


аа (Tz, Az, a)|1 + d (Sz, Tz, a) 
d(Tz, Az a) 5 1+ d(Sz, Tz, a) + ayK(Sz Tz, а) + а; Тг, Az a) 


+ a,d(Sz, Az, a) 
= (a, + a, + аз) (Те, Az, а) 
i.e. 
d(Tz, Az, a) € (a, + а + ag d(Tz, Az, а) 
If follows that Az = Tz Thus Sz = Tz = Az 
Also from (1.1) we have 


cae a,d(Tz, Az, а)|1 + d(SAz, AAz, a) Va disi ARR аР 0) 


1+ d(SAz, TAz, a) 
+ a,d(Sz, Az, a) 

= a,d(SAz, AAz, a) 
= ayK(SAz, ASz, a) 
= 0 

Hence, AAz = Az = и (Say). And 

d(Su, и, а) = d(SAz, и, а) 

5 d(SAz, ASz, а) + d(SAz ASz, а) + d(ASz, и, а) 
= 0 


Thus Su = и similarly Ти = и. Thus Au = Su = Ти = и і.е. и is a common fixed point 
5 and Т. 


To prove Ше uniqueness of и, let у be another common fixed point of А, 5 and Т. Then 
(1.1) we have 


ай (Tv, Ау, а)1+ d(Su, Au, a) 


шаналан 1+ d(Su, Tu, a) 


+ ajd(Su, Au, а) + аз (Ту Av, a) 


+ a,d(Sv, Av, a) 


Hence u = v 


This completes the proof. 
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3. COROLLARY 


Taking аз = а, we can get the result proved in (71. 
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S-CLUSTER SETS AND S-CLOSEDNESS IN 
BITOPOLOGICAL SPACES 


S. К. SEN: AND М. N. MUKHERJEE 


ABSTRACT : In the present paper, a type of functions between two bitopological spaces is introduced 
and studied. The concept is developed to some extent and is ultimately applied to the characterizations 
of bitopological S-closedness; in the process certain formulations of S-closedness and Hausdorffness of 
bitoplogical spaces are obtained. 


2005 AMS Subject Classification Code: Primary 54E55; Secondary 54099. 
Key words : ij-semiopen set, ij—S-cluster set, ij-S-closedness, ij-0,-closure. 


1. INTRODUCTION 


The study of cluster sets for functions and multifunctions was initiated long ago, mainly 
with an eye to the investigations of the theory of real and complex functions, certain details 
of which can be found in the classical book of Collingwood and Lohwer [2]. The notion of 
cluster sets for functions and multifunctions between arbitrary topological spaces was first 
introduced by Weston [16], followed by many others, for studying compactness and some other 
important variant forms like near compactness, quasi H-closedness etc. (e.g., see [3, 4, 8]). 


Compactness and many of its allied forms including those mentioned above have already 
been generalized to bitopological spaces [6] by many topologists. Successful attempts have 
also been noticed towards the extensions of the concepts of cluster sets to bitopological context 
along with certain applications to the characterizations of bitopological near compactness and 
certain separation properties (for details one may refer to [9, 10]). In this paper, we aspire 
to introduce a new kind of cluster sets of functions between two bitopological spaces, to 
ultimately characterize S-closedness of a bitopological space via such cluster sets. 


In Section 2, we introduce bitopological  S-cluster sets and formulate pairwise 
Hausdorffness [6] by means of them; certain degeneracy conditions for such cluster sets are 
also worked out. In Section 3, our aim of characterizing bitopological S-closedness in terms 
of the said cluster sets is accomplished after doing a few results as supporting tools. 


l ‘The first author is thankful to the University Grants Commission, New Delhi, for sponsoring this 
work under grants of Minor Research Project. 
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In what follows, by a space X(Y) we shall mean the bitopological space (X, Q,, 0,) (resp. 
(Y, Р, Р,)), where. Q,, Q, (resp. P, Р,) are two arbitrary topologies on X (resp. Y), and the 
notation f: X — Y will denote a function from the space X to the space Y. For a subset A 
of the space (X, Q,, QJ, Q-clA and Q-intA will stand for respectively the closure and interior 
of A in (X, О), for i = 1, 2. A subset A of a space X is called ij-semiopen [1] (ij-regular 
open [13]) if for some О-ореп зе U, U C A C Q-clU (resp. А = Q-intQ-clA), where (and 
hereafter in every such statement involving both i and j) we assume і j Є(1, 2} and i # j. 
The collection of all ij-semiopen sets of X will be denoted by SO,(X), while the family of 
all those ij-semiopen sets of X, each containing a subset А of X, will be denoted by SO,(A). 
In particular, when A = {x} for some x €X, we write SO (x) instead of SO, ((x]). A point 
x of X is said to be in the ij-O-closure of a subset A of X, written as x €ij-0-clA, if for each 
Q.-open neighbourhood (henceforth nbd, for short) U of x, (Q-clU) ПА 2 0 [5]. A(C X) is 
called ij-O-closed if A = ij-0-clA. Clearly Q-clA с ij-0-clA, for any A c X, while the equality 
is valid i.e., Q-clA = ij-0-clA holds if A € Q, [5]. For two spaces X and Y, the cartesian product 
set X x Y will always be considered to be endowed with the topologies T, and T, where T, 
= Q, x P, А nonvoid collection G of nonempty subsets of X is called a grill [15] on X if 
0 А еба ACBCX- BEG and (ii) A, B CX wih AU Beg-Aega Beg 


2. BITOPOLOGICAL S-CLUSTER SET, IN GENERAL 


Having furnished some prerequisites in the last section, we now consider the following 
definition (we note that (b) and (c) for filters also appear in [7] under different terminologies, 
notations and forms). 


Definition 2.1. Let 5 be a filterbase or a grill on a space (X, О, Q,) and A c X. 


(a) The 1-0 -сіоѕит of A, denoted by ij-0.-clA, is defined to consist of precisely those 
points x of X such that Q-clU A A # 6, for each U € SO, (x). A is called ij-0.-closed 
if A = 1-0 -сІА. 

(b) Те i-O-adherence Ф +, written as  ij-O-ads, is defined by ij-0-ad: = 
Cd j-9-clF : Fes). 

(c) 515 said to ij-B,-converge to a point x € X, in notation з ij-0, x if for each U € SO (x), 
there exists some Fes such Ша Ес Q;cIU. 


Definition 2.2. The ij-S-cluster set S (f, x) of a function f: X ә Y ata pour xéX is 
defined to be the set ^(ji-0-clf(Q-clU) : UESO,(X)}. 


We characterize the above concept of ij-S-cluster sets in the next theorem. 
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Theorem 2.3. Let f : X — Y be a function and x € X. Then the following are equivalent: 
1 (4) ує5,(/ x). 

(D s = (F'(P, - cl V): уЕУЕР| is a filterbase on X, which ij-O-adheres at х. 

(c) There exists a grill © on-X such that Q 95, x and ye (ji-8-clffG) : Сей). 


Proof. (a) = (b): That @ is a filterbase on X can easily be seen. Now YES (f х) => 
yen Ui-9-clf(Q -clU) : 06Є5,0)) = for each Р-ореп nbd V of y and for each UESO (x), 
Р,- clV A RQ,- clU) » ф, ie, /(Р,- clV) ^ Q,- clU * ф = хей- 0,— ads. 


(b) — (с): Let + be the filter generated by в. Then О = (Gc; X:Gn F #9, for 
each F € 5} is a grill on X. By hypothesis, for each U €SO,(x) and for ай P-open nbd V 
af y, we have 0, - clU rf (P, – clV) # ф. Thus Еп Q,- с # ф, for each Fes and each 
U є50 (x). Then Q,- clU €Q for ай U €SO,(x) and hence Q ij — йоз to x. Again, 
ДС) A P,- clV # ф, for all Ges and for all P-open nbd V of y = уел- Ө — САО), for 
al GeQ— y ENF - 0 - clft6): GEQ}. : 


(с) => (а): Let Q be a grill on X such that Q s, x, and yenji - Ө - clft6) : 
G EQ}. Then (Q, - clU : u €50,()) с Q and уел- Ө — clf(G), for each СЕО. In Er particulas 
y €ji - 9 — clftQ, - clU) for all U є50,(х). Thus уеб (Г х). 


As generalization of Hausdorffness of a topological space, Kelly [6] defined a 
bitopological space (X, Q,, О.) to be pairwise Hausdorff if for every pair of distinct points 
x, y of X, there exist a О-ореп nbd U of x and a Q,-open nbd V of y such that U r^ V = 9. 
We now propose to characterize the pairwise Hausdorffness of a space (Y, Р, Р.) in terms 
_ of our introduced concept of ij-S-cluster set of a suitable function f from a space X to Y. 


Theorem 2.4. Let f be a surjection from a space X onto a space Y. Then Y is pairwise 
Hausdorff if [ji - Ө — САО) : U e SOX) = SG xXsay) = UG), for each хЄХ and 
forijzi2ispy. 

Proof. Let у, y, € Y such that y, + y, As f is a surjection, there exist х, x, € X with 
Ах) = y, and fo) = у. As SF x) = (Кх), у, = fox) € S, x) so that there exists a Р, 
. = open nbd V of y, such that P, – СУСУ(О) = 9, for some U ES (х). Then (Y - P, - clV)(a AU) 
is a Propen nbd of Дх) = y, and V is a P-open nbd of y, such that УГ(Ү- P, — СУ) = 9. 
Hence Y is pairwise Hausdorff. 

Corollary 2.5. If S (f, x) = (fo) for ij = 1, 2(i + j) and for each x € X,where f: X 
— Y is a surjection, then Y is a pairwise Hausdorff space. 


The following example shows that the converse of Corollary 2.5 is false. 
Example 2.6. On the set R of real numbers, let О = t, О, = т, Р, = т, Р, = T, where 
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LP Tp Тр T, respectively denote the usual topology, cofinite topology, lower limit and upper 
limit topology on R. Then (R, P,, Р,) is clearly pairwise Hausdorff. Also for any x ЄК and 
any UéS,,(x), Q, - clU = R and hence 5|,(/ x), where f : (К, О. О) -э (К, P, Pj is 
the identity map, is X. We note in this connection that P, and Р, could be taken to be any 
topologies оп R such that (R, P}, P5) is pairwise Hausdorff. 


In order to find the condition under which the converse of Corollary 2.5 may hold, we 
set the following definition. 


Definition 2.7. A function f : X — Y is called ij — 0,— irresolute on X if for each x eX 
and each ij-semiopen set V in Y containing f(x), there is ап ij-semiopen set U in X containing 
x such that ло, - си 


Theorem 2.8. Let f : X — Y be an ij — Ө, — irresolute function with Y a pairwise Hausdorff 
space. Then 5,0 x) = {Дх)}, Юг each xex. 


Proof. Let х € X. As fis ij — 0, — irresolute on X, for any V ESO (fo) there is U є50,0) 
such that ЛО-<Ш) c V. Then 5,0 x)= г(1-0-с 0, - 210) : Ue SO,{x)} C n (Ji-9-clV : 
Ие50 ХАх))|. Let y € Y with y # fix). As Y is pairwise Hausdorff, there exists a P-open nbd 
U of y and а P,-open nbd W of f(x) such that U ^W = ф. Then y€P;-clW = ji-9-clW 
and W € SO, (Дх). Thus уер (ji - 9 - clV : V € SO, (fix))) so that yes x). Hence 5,0 х) 
= (f). 


Combining Corollary 2.5 and Theorem 2.8 we get our desired result: 


Theorem 2.9. A space Y is pairwise Hausdorff iff for a space X and an ij — 0, — irresolute 
function f : X — Y, one has 5,0 x) = (ДХ), Юг each x EX. 


we have demonstrated above that degeneracy of cluster set of a certain class of functions 
characterizes Hausdorffness of a bitopological space. It is thus our aim now in the next couple 
of results to ascertain a few other situations where such degeneracy of cluster sets takes place. 
We begin with the following definitions. : 


Definition 2.10. A function f: X — Y is called ij — Ө — closed if image of any ij-6-closed 
set in X is ij-O-closed in Y. 


Definition 2.11. [13] A bitopological space (X, Q,, Q») is called ij-almost regular if 
for each point x ЄХ and each ij-regular open set G containing x, there is an ij-regular open 
set H containing x such that Орган СС, or equivalently if for each A C X, ij-0-clA is ij- 
6—closed [12]. 


Theorem 2.12. Let f be a ji-O—closed function from a ji-almost regular space X into 
a space Ү If f (y) is ij-O-closed in X for all y €Y, then Sih x) = (До), for each хєХ. 


Proof. We have Sif x)= n Ui - 6 - IQ, - сї): U ESOS rji - Ө - clf(ji - 6 – 
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clU): UESO, jl As X is ji-almost regular, /-0-10/ is ji-0—closed for all U € SO 00). Now, 

f being Ji-B-closed, л-0-сИл-8-с0) = f(i-8—clU) so that 5, P x)cn UUi-0-clU : 
UeSO, jœ). Now, let y € Y such that y # f(x), f! (y) being ij-8—closed and x €f (y), there exists 
a Q,-open nbd V of x such that Q, -clV f Цу) = ф. So » efto; —clV) = flji-8-clV) (since 
Ує0)) and hence y £o» (fUi-0-clU) : U €SO,(x)] => y ESj x) => 5,0 x) = (f). 


Theorem 2.13. Let f be a ji-0—closed injection on a ji-almost regular pairwise Hausdorff 
space X into Y. Then S, Ти x) is degenerate for each х ЕХ. 


Proof. As X is ji-almost regular and f is a ji-0-closed map, we have Ji-0-clftji — Ө — clU) 
= fiji Ө — c1U), for U € SO, (x) and hence for any x € X, 5, (Р х) = nji-0- с 0, - clU) 
: Пе5Ох) г Ui - Ө – clfUi — Ө - с) : UeSO,(x)} = nfi - 9 - clU) : U €50, Ir For 
x,EX with x, # x, fx) # f(x) as f is injective. By pairwise Hausdorffness of X, thee are a 
Q;-open nbd U of x and a Qr -open nbd V of x, such that UM Q,- СМ = ф so that Дх) € Sf, 
x). Hence 5,0 x) = (f()). 


Theorem 2.14. Let f : X - Y be a function with ij-0—closed graph. Then Sif. x) is 
degenerate, for each x € X. 


Proof. For any yes f х), let С be any T;-basic open nbd of (x, y. Then G= U x 
W, where x € U e Q, and yeWeP, Now U €50,Q) and hence y €ji-9-clf(Q, - clU) = Р, 
- ас ДО, - clU) #ф = (О, ~clU x P,- сї) ^^ G(f) + 6, where G(f) denotes Ше graph 
of f= T,- cl(U x Үү) гч С()) = 6 = (х у)ей-0-с0() = С) 2 yep (({x} x Y) n G(f)), 
where р»: (X x Y, Т, T,) 2 (Y, Р, Р,) denotes the projection map = у = f(x). Thus S f. 
хс (Ах). As (Лос) 15 ХА x) is obvious, we have 5 ХА x) = (fo). 


As a partial converse of the above theorem, we have: 


Theorem 2.15. Let f : X — Y be a function such that 5,0 х) is degenerate for each 
x€X Then the graph GA) of f is ij-O-closed. 


Proof. Let (x; y) eX x YN G), so that y # f(x) and hence y €S, (f x) Thus y €ji-0— 
с 0,107, for some U € SO, (x). This means that for some Р -ореп nbd V of у, P, — clVM 
KQ; - clU) = ф, i.e., (0, – clUx P, - СУ) 1 G(f) = ф. Hence T; - cl(U x V)rnG(f) = ф, 
where Их V is clearly ап ij-semiopen set containing (x, у). Then (х, y) € ij — Ө, — clG(f) 
and G(f) becomes ij — Ө, — closed. 


3. S-CLOSEDNESS VIA S-CLUSTER SETS 


. The concept of S-closed topological spaces, first introduced by Thompson [14], has so 
far been investigated in great detail by many mathematicians. The concept was generalised 
to bitopological structures in [7]. We recall the definition of bitopological S-closedness below 
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and prove a few results concerning the notion as prerequisites to ultimately characterize it in 
terms of the concept of ij-S-cluster sets, studied in the preceding section. 


Definition 3.1. [7] A subset A of a bitopological space (X, Qj, Q,) is called й-5-созей 
relative to X if for every cover и of А by ij-semiopen sets of X, there is a finite subset Ug 
of U.such that {0,- clU : Пещ! is again a cover of A. If, in addition, А = X, then X is 
called an ij-S—closed space. The space (X, Q,, 0,) is said to be pairwise S-closed if itis 12- 
S—closed as well as 21—S-closed. ' 


Theorem 3.2. A set A in a space X is ij-S—closed relative to X iff for every filterbase 
$ on X with Е r^ C #ф for each Fef and each C € SO, (A), it follows that A ^ij - Ө, — 
ads z 6$. : 


Proof. Let A(c X) be ij-S—closed relative to X and $ be а filterbase on X with the given 
property. Suppose, if possible, А r^ ij — 0, – айз = ф. Then for each x ЕА, there is an ij-semiopen 
set V. in X containing x such that Q, - СУ, OF. = ф for some Fes. Now, (V. : x€A} is 
à cover of A by ij-semiopen sets of X. Since. А в ij-S-closed relative to X, there exists a finite 
subset A* of A such that A с.) (0, - clV.: x €A*}. Now choose F* € 5 such that Рес (Р, : x 
€A*). Then Е* (д0, - су, oy ee = 0, Le, noQ - СОДУ : xE4*}) = ф. As 
ДУ: xeA*] is an Оо шорон set in X, so is 0,—сы{У,: среда }), and moreover, АС Q; 
~ ООДУ, : x €A*)). Thus Q, - (КДУ: x єАЖ)) є80 (А), a contradiction to Ше hypothesis, 

Conversely, let A be not ij-S—closed relative to X. Then for some cover (V, : 0 € A} 
of А by ij-semiopen set of X, Az U Q, - clV, for each finite subset Ag of A. So f$ = 

ATO 
(^ 0,- ФУ, : Ag is a finite subset of A} is а filterbase on X with FAC # ф for each 
0 


Е € з and each C €SO,(A). But Аси — Ө, – ад = ф. 
Theorem 3.3. [7] A space X is if-S-closed iff every filterbase ij-0,-adheres in X. 


т. 


Lemma 3.4. Any ij-0,-closed subset of an ij-S-closed space X is ij-S-closed relative to 
X. 


Proof. Let = (U, : a € A} bea cover of an ij-0,-closed subset A of X by ij—semiopen 
sets of X. Now, Гог each y €x VA, there exists an ij-semiopen set V, in X such that y € Vy and 
0,- СУ, à A= ф. Then МЛУ,: уЄХХА) is a cover of X by. ij-semiopen sets of X. By 
ij-S-closedness of X, we obtain Ч finite subset A, of A and a finite subset {y,, ..., y,} of (X 


k 
ХА) such that X= ( U Q;-clUy)U(UY,,), Then A с U Q; – clU, and hence A becomes 
' єл i=] , бєл . 
ij-S-closed relative to X. 
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We are now in a position to prove the desired characterization of ij-S-closed spaces via 
ij-S-cluster sets as follows, where we use the notation 5, if A) to mean the set U 5, i х), 
ХЄА 
for any А С X and any function f : X — Y. 


Theorem 3.5. For a bitopological space (X, О, 0,) the following are equivalent : 
(a) X is ij-S-closed. 

() 5,5 А) 2 n (i - € - clf(U) : UESO,(A)} for each ij-9,-closed 

subset A of X, for each space (Y, Р,, Py) and each function f : X — Y. 

(c) Sif A) an Ui - 6, - clf(U) : U €50,(4)] for each ij – 0,— closed 

subset A of X, for each space (Y, P,, Р,) and each function f : X — Y. 


Proof. (a) — (b): Let A be any ij —0, — closed subset of X, where X is ij-S-closed. Then 
by Lemma 3.4, A is ij-S-closed relative to X. Now, let zen (ji -9- clf(W) : WeSO, “АЖ, 
Then for each Огореп nbd V of z and for each WeSO,, (А), Q; - cIVAf(W) # ф => f, 
-clV) Ws 6. Thus та! (Q,- clV):z€ үед, | ва filterbase on X satisfying the condition 
of Theorem 3.2. Hence there exists x EA N ij- Ө, - айз. Then х €A, and for all UeSO, 0) 
and each i раЕ nbd V of г, Q, -cl Unf, - dV) * $ до, - cU) по, lV 2 6 
= сел-0- cl f(Q, - cll), for all UESO,(x) = zeS f. A). 


(b = (с) : It is obvious. 


(0) = (a): For proving X to be ij-S-closed, it is to be shown by virtue of Theorem 
3.3 that every filterbase 9 on X, ij — Ө, — adheres at some хЕХ. Let 5 be a filterbase on X. 
Take yg € X(e.g. yg? X) and Y= X U {yg}. Then t= {A CY: yg £A, or FCA, for some Fes} 
is a topology on Y. We put P, = Р, = т and consider the identity map f : (X, Qj, Q) > 
(E P, Р,). Then ni — 0, – c1f(U) : 0650, 00) = си — 6, – сш: U €50,00) = (ji 
— 0, – clX) in Y. Now, уел- 0, — clX in Y. Hence by (c), YES Af X). Choose x ЕХ such 
that YW EST x) Then for ай уе5О 0) and any Fes, FU {yo} is Р open as well as P,- 
closed and contains yy such that ДО, - СУ) ^ (FU (уа!) * ф. This implies that Q, — clV à F 
+ $ for all VESO,(x) so that x €ij — 0, — clF for all Fes. Thus XM ij Ө, -ad * # and 
consequently X becomes ij-S-closed. 
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IDEALS AND RADICALS IN THE TENSOR PRODUCT OF 
BANACH ALGEBRAS 


T. K. Dutra Ако N. Goswami 


ABSTRACT : In this paper, we prove some enlightening results regarding the ideals and radicals in 
the tensor product of two Banach algebras. We show that in a Banach algebra nil property and the local 
nilpotence are radical properties. Let A, and A, be two Banach algebras with identities. Here, we construct 
the nil radical in the projective tensor product, Aj, A; provided the nil radicals in А, and А, are given. 
Again, given Levitzki radicals in A, and A», we construct the same for А ФА, also. The converse 
of these results are also established. 


Key words : Nil property, Local nilpotence, Projective tensor product, Levitzki radical. 
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1. INTRODUCTION 


Let A, and A, be two Banach algebras, œ be an algebra norm on the algebraic tensor 
product А ФА, and А 9 „А, be the completion of A,@A, with respect to œ. In 1965, Divinsky 
made a systematic study of all the eight radicals in rings. Dixon [4] in his paper, discussed 
about three radicals in an algebra. In this paper, we extend these ideas to the projective tensor 
product of two Banach algebras. Let A, and A, be two Banach algebras with identities and 
let the nil radicals in A, and A, be given. With these conditions, in $2 of our paper, we construct 
the nil radical in Аб А, The converse of this result is also established here. Moreover, we 
prove analogous results in the case of Levitzki radical in the projective tensor product of two 
Banach algebras. 


We first highlight some notations and terminologies which are useful for our purpose. 


Definition 1.01. Let A be a Banach algebra. Let ¢ be a certain property that an algebra 
may possess. We say that the algebra A is a с- algebra if it possesses the property с. 


An ideal J of A is called a ¢-ideal if J is a c-algebra. An algebra which does not contain 
any non-zero C-ideal is called ¢-semi-simple. 
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We сай c a radical property if the following three conditions hold: 

(i) А homomorphic image of a c-algebra is a c-algebra. 

(ii) Every algebra contains a c-ideal S which contains every other ¢-ideal of the algebra. 
(iii) The factor algebra A/S is ¢-semi-simple. 

The following Theorem gives us conditions which are equivalent to (i), (ii) and (iii). 
Theorem 1.02. Property с is a radical property if and only if 

(i) A homomorphic image of a c-algebra is а c-algebra. 


(ii) If every non-zero homomorphic image of an algebra A contains a non-zero c-ideal 
then А ва c-algebra. 


The maximal c-ideal of an algebra A is called the c-radical of A. 


Definition 1.03. An element x in an algebra is said to be nilpotent if 3 a positive integer 
n such that х" = 0. An algebra А is said to be nil if every element x in A is nilpotent, i.e., 
x" = 0, where n depends on the particular element x of А. 


Definition 1.04. An algebra is locally nilpotent if any finite set of elements generates 
a subalgebra which is nilpotent. 


Thus, every nilpotent algebra is locally nilpotent, and every locally nilpotent algebra is 
nil. 


Algebraic tensor product 1.05. Let X, Y be normed spaces over F with dual spaces 
X' and Y'. Given x € X, y € Y, let хбу be the element of BL(X', Y'; Е) defined by x®y(f,g) 
= f(x)g(y)f eX', ве“). 


The algebraic tensor product of X and Y, X@Y, is defined to be the linear span of 
(x8y:xeX, y eY) in ВЩХ, Y'; Е). 


Cross norm 1.06. A norm ||. | on ХФУ is called а cross norm if 
| x®y |, S ixl y |] V x eX, yey. 


Greatest cross norm or projective tensor norm 1.07. Given normed spaces X, Y, the 
projective tensor norm ||. ||, on X@Y is defined as: 


|a, = чехле» | 
H H 
where the infimum is taken over all (finite) representations of u. 


The completion of (ХҮ, ||. ||) is called the projective tensor product of X and Y, and 
is denoted by хе г. 
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Least cross norm or injective tensor norm 1.08. Given normed spaces X, Y, the linear 


space X@Y inherits a natural norm from BL(X', Y'; Е). This norm is called the weak or injective 
tensor norm and is denoted by 


|a, = 


The completion of (X&Y, ||. ||) is called the injective tensor product of X and Y, and 
is denoted by ХӨ, Y. 





хлор tr] ЇЕ where изУх ду, 


2. MAIN RESULTS 


We need to arm with the following Lemmas and Theorems in order to achieve our main 
results. 


Lemma 2.01. If A is a nil algebra, so is every subalgebra of A and so is every 
homomorphic image of A. If S is an ideal of the algebra A and both A/S and S are nil, then 
so is А. 


[The proof follows immediately from the definitions.] 
Lemma 2.02. The sum two nil ideals 1, and L, of an algebra A is again a nil ideal. 


Proof: Since (1, + L)/ L = I, / (1, A D), by the second isomorphism Theorem, and 
since the RHS is a homomorphic image of the nil ideal Ij, the LHS is a nil ideal by Lemma 
2.01. Since both I, and (1, + 1,) / I, are nil, using Lemma 2.01, (I, + L) is nil. 


Corollary 2.03. The sum of any finite number of nil ideals of an algebra is again a 
nil ideal. 


[The proof follows by induction.] 
Lemma 2.04. The sum of all the nil ideals of an algebra A is a nil ideal. 


Proof: Let W be the sum of all the nil ideals of A. If x €W, then x is in some finite 
sum of nil ideals of A and thus, by the above Corollary, x is nilpotent. Hence, W is nil. 


Thus, we have: 
Theorem 2.05. The nil property is a radical property. 


Now, we concentrate on the study of the nil radical in the projective tensor product of 
two Banach algebras. 

Let A, and A, be two Banach algebras. Let A, = А ФА)», Let S(Aj), i = 1, 2, 3 be 
the set of regular maximal ideals of A, respectively. 
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Theorem 2.06. Let A, and A, be two Banach algebras with identities. Let A, = А ФА, 
If the nil radicals in A, and A, are given, we can construct the nil radical in Аз. 


Proof: Let J, and J, be nil radicals in A, and A, respectively. So, Ј and J, are the 
maximal nil ideals in A, and A, respectively. Let M, €S(A,) such that J, C M, and М,Є5(А,) 
such that Lc M». 


Case 1: A, is commutative and A, is non-commutative: 
Since A, is commutative, 3 a homomorphism h: A,— C such that M, = ker h. 


We define $,: А, А, defined by 


On (Zav 9 2 = УЖац)аор € Ap. 


Then , is a homomorphism. Let u, and и, be the identities modulo the ideal M, and 
M, respectively. We take M, < ф, (M,). Clearly, M, is a modular ideal with u,G u, as an 
identity modulo M3. 


Let Ма be an ideal in A, such that ММ, 


From the definition of Му, we get ,(M’,) 2 М,, i.e., 0,(M’3) = A,, since M, is maximal. 
Hence, there is t€M’, so that 0,() = и,. Now, ФЕ - uj8 uy) = ф(0) – huu, = uj – 0, 
= 0; 50, t —uGSu, EM, C M^. Hence, ш® и, € M^, and М”, = А,. It follows that M, is 
maximal. 


Now let beJ, c: M», since J, is nil, so За positive integer n such that b" = 0. 
We have, uj& b EA, 0,(2(9 b) = h(u,)b = БеМ,. So, иФЬем. 
Also, (1695) = ц" & b" 20 = u,®b is nilpotent. 


Hence, M, contains at least one nilpotent element. Let J, be the sum of all the ideals 
<y> where y € M, is a nilpotent element. Then J, is a nil ideal. 


Let J, CPC Му, where P is a nil ideal in А,. Then, 3 Xa; b,€P such that 
i 


n 
Ха & b, €J}. Since P is nil, > а on) =0 for some positive integer n. 
i i 


= Ха @ b; is nilpotent = Уа 8h € J4, which is a contradiction. 
i i 


So, 3, is Ше maximal ni! ideal in А, ie., it is the nil radical in Аз. 
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Case 2: A, and A, are поп-соттшайуе: 


We define the linear map: 


R: А, Э (А/М) e, (А,/М,) such that if аз = Yay, 9 a>, then 
п 


кз) = zt M ) x: (n) 


Then Ker К is an ideal in A4. Let M, Є5(А,/) such that ker R C M,. Since J, is nil, 
so З ас! C M, and a positive integer n such that а" = 0; since J, is nil, so db Е, СМ, 
and a positive integer m such that b™ = 0. 


Now, a®beker R and (a@b)" = a^ Gb" = 0. 


Hence, M, contains at least one nilpotent element. Let J, be the sum of all the ideals 
«y» where y EM, is a nilpotent element. Then J, is a nil ideal. As in the previous case, J, 
is the maximal nil ideal in A, i.e., it is the nil radical in А. 


The converse part of the above Theorem can be proved as: 


Theorem 2.07. Let A, and А, be two Banach algebras with identities e, and е, 
respectively. Let А, = А ФА, If the nil radical in A, is given, we can construct the same 
for A, and A, also. 


Proof: Let J, be the nil radical in Aj. We take М. Є5(А,) such that J} C Ма. 
Case 1: A, and A, are commutative: 


Let п: А, АМ be the cononical mapping and let л, be the restriction of 7 to A, 
with the help of the identifications: A, €? А Фес A, and A, Ge 9 A, G A}. 


The kernel of 7, is easily seen to be А ПМ; so in the diagram below provided us 
by the induced mapping theorem и: A,/A,; ^ M, — АМ, is seen to be an isomorphism. 


С 


АМА ПМ, 


Since A, is commutative 7,(A,) is an abelian subalgebra of АМ. Since n (А) and 
T (A) commute elementwise, 7,(À,) c center (1,(A,).7,(A,)). 


Consequently, Кап А,® A, being dense іп A,®,A,, we infer that л (А) c center 
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(A,/M,). From the diagram, we then conclude ЩА А O M3) = ще (Aj) = я (А center 
(A,/M;). Therefore, A/A; М, = C because АМ is primitive. It follows that A, M, is 
a maximal ideal of А. 


Let J, be the sum of all the ideals <y> where y € A| © M, is a nilpotent element. 
We assume that P be a nil ideal in A, containing J,. Then, З a €P such that ағ]. 


Since P is nil, so За positive integer n such that a" < 0; hence, a is a nilpotent element 
in A, OM. So, a€J,, which is a contradiction. So, our assumption is wrong. Hence, J, is 
the maximal nil ideal in A, i.e., it is the nil radical in А). Similarly, we can construct a nil 
radical J, in A. 

Case 2: A, and A, are non-commutative: 

We consider a complex homomorphism ф on A,. Then, we define 


fy: М, ә A, such that 


Аха 8 on) = X Ф(аџ)а, € А. 


Then, fy is a homomorphism. М) = M,(say) is an ideal in A,. Let Р be an ideal 
in A, such that M, C P C A,. So, Зх ЄР such that x eM, = „СМ3). Hence, d no Yay 9 azy € 
i 


M, such that Аха Ф а} = x => у Ф(аџ)а; = х. 
і i 


Now, ЕА, x eA,» e, @x ЄА,. 

е 8x €M, since fae; @x) = ф(е)х = x € f (Ма). 

Let P, = «e, @ x, My». Then, М СР, which is a contradiction, since M, is a maximal 
ideal in As. So, М, is a maximal ideal in А, 


` п 
Since J, is nil, 3 Y aj ® az; Е J3 C Мз such that р ay 8 а) = 0 for some positive 
! ї 
integer п. Аха e “| = У Ф(аџ)а; € M5. 
1 1 


л 
Ком, ЫЎ ay @ о) = 0. 
t 
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> (ее e 3 = 0. 


= (кеден) =0. 


= У.Ф(ар)дэ, is nilpotent. 
i 
So, M, contains at least one nilpotent element. Let J, be the sum of all the ideals <y> 
where y ЄМ, is a nilpotent element. 
Let J C J’, Ау, where J’, is a nil ideal in A,. Then, 3 ае Г, such that a ¢J,. 
Since Г, is nil, so 3 a positive integer n such that а" = 0. Clearly, a£ M}. 


Let M^, = < a, M5». Then, M, C M^, which is a contradiction, since M, is a maximal 
ideal in Aj. So, J, is the maximal nil ideal in А, i.e., it is the nil radical in A». Similarly, 
we can construct a nil radical J, in Aj. 


Our next aim is to study the Levitzki radical in the tensor product. Here, we use the 
following simple but illuminating Lemmas: 


Lemma 2.08. If an ideal I of an algebra А is locally nilpotent and if АЛ is locally 
nilpotent, then A itself is locally nilpotent. Furthermore, if A is locally nilpotent, then so is 
every subalgebra and every homomorphic image of А. 


Lemma 2.09. The sum of two locally nilpotent ideals 1, and L, of an algebra A is again 
a locally nilpotent ideal. 


Corollary 2.10. The sum of any finite number of locally nilpotent ideals is a locally 
nilpotent ideal. 


Lemma 2.11. The union L of all the locally nilpotent ideals of an algebra A is a locally 
nilpotent ideal. 


Lemma 2.12. A/L has no locally nilpotent non-zero ideals. 
[For the proof of these Lemmas, we refer to [3].] 

With the help of these Lemmas, we have: 

Theorem 2.13. Local nilpotence is a radical property. 


We may say, then, that this radical property is the lower radical property determined 
by all locally nilpotent algebras. 
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The maximal locally nilpotent ideal of an algebra is called Ше Levitzki radical. 


The following Theorems and Lemmas are technically very powerful and plays a crucial 
role in establishing our result regarding the Levitzki radical and the tensor product of two 
Banach algebras A, and A, 


Theorem 2.14 [1]. Let A be a Banach algebra, let J be a proper modular ideal of A, 
and let u be a modular unit for J. Then 


à lu- xp 21 «ел; 
(ii) the closure of J is a proper modular ideal of A. 
Corollary 2.15. Each maximal modular ideal of a Banach algebra is closed. 


Lemma 2.16 [5]. Let А be a Banach algebra. Let пе М and let x" = 0 (x € A). Then 
T {0}, where m = 2? - 1. 


Theorem 2.17. Every nil Banach algebra is nilpotent. 


Proof: Let A be a nil Banach algebra and, for n EN, let A = (x €A: х= 0). Then, 
A, is closed and A = ДА: пєМ№). By the Baire category Theorem, 3 m EN, beA, r>0 
such that (а: |а- bl] < r} C Aw 


Given x € A, 36 > 0 such that b + Ax €A,(2.|« 8); and so, (b + Ax)" = ОА <ô), 
x™ = 0. Now, applying Lemma 2.16, we get that A is nilpotent. 


Now, we are in a position to prove: 


Theorem 2.18. Let A, and A, be two Banach algebras with identities. Let A, = A, G,A;. 
И the Levitzki radicals in A, and A, are given, we can construct the Levitzki radical in Аз. 


Proof: Let L, and L, be the Levitzki radicals in A, and A, respectively. So, L, and 
L, are the maximal locally nilpotent ideals in A, and А, respectively. i 


L, is locally nilpotent = L, is nil. 

L, is locally nilpotent = L, is nil. 

Let J, be the nil radical іп A}. So, Lj C Jj. 

Let J, be the nil radical in A,. So, L, C J}. 

Now, we can construct a nil radical J, for А, = А ФА, 


Let 1, CP C A4, where P is a locally nilpotent ideal. Р is a locally nilpotent = Р is 
nil, which is impossible as 1, is the maximal nil ideal in Аз. 


So, J, is not contained in any other locally nilpotent ideal. 
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By the construction, J, = sum of all the nilpotent ideals <y> where y is a nilpotent 
element in М», the regular maximal ideal in A, containing J. 


Now, M, is a maximal regular ideal in A4. Hence, M, is closed (by Corollary 2.15). 
So, M, = cl(M,) [cl ( denotes the closure]. 


Let x єс101,) such that x = limx,, x, € 4. Clearly, x єМ,, 

Since J, is nil, x,^ = 0 for some k EN. 

So, хк = 0 = x is a nilpotent element in М, 

= xE, 

Thus J, = cl(J,). Hence, J} is closed. 

So, J, is a closed subalgebra of the Banach algebra A, Therefore, J, is a nil Banach 
algebra. By Theorem 2.17, J, is nilpotent. This implies that J, is locally nilpotent. 

Hence, we get, 


J, is the locally nilpotent ideal in A, which is not contained in any other locally nilpotent 
ideal. Therefore, J, is the maximal locally nilpotent ideal in A4. So, J} is ће Levitzki radical 
in å, 

3 


We aim at proving the converse part of the above result by the following: 


Theorem 2.19. Let A, and А, be two Banach algebras with identities e, and е, 
respectively. Let A, = А ФА, If the Levitzki radical in A, is given, we can construct Ше 
same for A, and A, also. 

Proof: Let L, be the Levitzki radical in A,. 

So, L, is the maximal locally nilpotent ideal іп А, 

L, is locally nilpotent = L, is nil. 

Let J, be the nil radical in A4. So, L4 G J} 

Now, we can construct nil radicals J, and J, in A, and A, respectively. Each maximal 
ideal in A, and A, are regular and hence closed. So, the maximal ideals M, and M, 
corresponding to J, and J, are also closed. Then we get, J, and J, are also closed (as in the 


previous Theorem). Hence, J, is a closed subalgebra of the Banach algebra A,. Therefore, J, 
is anil Banach algebra. By Theorem 2.17, J, is nilpotent. This implies that J, is locally nilpotent. 


Let J, CP C A,, where P is a locally nilpotent ideal in A}. P is a locally nilpotent = 
P is nil, which is impossible as J, is the maximal nil ideal in А. 


Thus, J, is the maximal locally nilpotent ideal in A,. Therefore, J, is the Levitzki radical 
in А. Similarly, we can show that J, is ће Levitzki radical in A). 
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3. CONCLUSION 


Throughout this paper, we consider only the projective tensor product of two Banach 
algebras. But regarding injective tensor norm, we cannot apply these results to the injective 
tensor product of two Banach algebras since for most algebras the injective tensor norm is 
not submultiplicative. Again, we have proved the results considering the two Banach algebras 
A, and A, as having identities. Thus, we can pose the following problems: 


1) Can we establish similar results if the two Banach algebras A, and Аз are without 
identity? 


2) What can be said about the nil radical and Levitzki radical in the injective tensor 
product of two Banach algebras? | 


In his paper, Dixon stated the existence of Baer lower radical in any algebra А and 
characterized it as a limit of a certain transfinite sequence of ideals B4. [For details, 
we refer to [4].] In this context, another interesting problem can be raised as: 


- 3) What will be the structure of Baer lower radical in A ФА, if the structure of the 
same for A, and A, are given? à 
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SIMILARITY ORBITS AND FINITE OPERATORS 


SALAH MECHERI AND SMALL BOUZENADA 


ABSTRACT : Let A denote a complex Bannach algebra with identity е and let 3 be the set 
of all finite elements (in the sense of J.P. Williams) of A. In this paper we introduce some 
operators under which F is not invariant under similarity orbit. 


1. INTRODUCTION 


Let B(H) be the algebra of all bounded operators acting on a complex Hibert space 77. 
For A and B in В(Н), let ддв denote Ше operator on B(H) defined by 94 в(Х) = AX — ХВ. 
If A = B, then 6, is called the inner derivation induced by A. Let, А denote a complex Banach 
algebra with identity e. A state on A is a functional f € ,A* such that ffe) = 1 = ||. For 
хе A, let 
W,(x) = (Ах) : f is a state on A}, 
the numerical range of x [9]. Then W(x) is a compact convex set containing coo(x) 
(the convex hull of the spectrum of x) [9]. For the case А = В(Н), if A € В(Н), then 
W,(A) = W(A), where 
WA) = ((Ah, h) : h e H, | 11 = 1) 
(the spatial unmerical range of A). An element a is finite if 
0 € Wax — xa) 


for each x € А: F(A) (or 3) denotes the set of all finite elements of „А. J.P. Williams proved 
that F contains every normal and hyponormal operators. In [6] we proved that J contains a 
more general classes of operators. D.A. Herrero and Fialkow [2] asserts that З(Н) is not 
invariant under compact perturbation. In this paper we show that 2 is not invariant under 
similarity orbits. 
2. SIMILARITY ORBITS 
let S(A) = (X-lAX : Хе B(H)), where X is invertible be the similarity orbit of 


* 199] Mathematics Subject Classification. Primary 47B47, 47430, 47B20; Sec-ondary 47B10. 
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A € В(Н) and let SF(H) denote the union of all similarity orbits S(A), where A ranges through 
the class of finite operators. In this paper we show that 5(H) Ф S3(A). 


Let Т(А) be the operator defined on В(К) Бу 


where : | ‚ 
К-Н9-НӨНӨН. 

It is well known (9. Theorem 8] that Т(А) is finite if and only if A is finite, 

Theorem 2.1. The operator defined on B(K) by 


where 
K-H9?-HOHOH 
is similar to some operator, which is not іп З(Н). 
Proof : It suffices to show the existence of an operator similar to Т(А), for some 
A € S(H), which is not іп S(H). Let 


then. [S(A)]-! 0 ї 0 
vs A 0 1 
and 
S-IT(A)S : 1 0 0 Т(0) 
de gp 7 
Now from T(0), we construct a similar operator by using 5(В) for an arbitrary B in B(H), 


since 
.T(By - [5(В)О(0)5(В)Г!. 
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if A was іп SF(H), then B(H) = 8 (Н) Юу (9, Theorem 8] which is impossible. 
It is known that, f ах Е А sd A, X € В(Н), ће W(Q(ax-xa) is the closure 
W(AX — XA) of the numerical range in the usual sense in Hilbert space, given by 
W(B) = ((Вх | х), |х| = 1}. 
It is well known that if coo(B) is the convex hull of the spectrum of B, then 


coo(B)= П [nsi ) $e B(H)] 


where S is invertible. Hence 
SF(H) = (B € В(Н) : 0 є coo (B)). 
Recall that the rank-one operator е ® f is defined Бу 
(c 9 fg = (fg) e. 


In the following part 7(A) will be represented, by 
i 


m K=H ФН ФН. 


Theorem 2.2. Let G = СФ K and M = M (А) = 0 Ө ТА). Then M is similar to some 
operator, which is not finite. 


Proof : We will construct 2 € B(G) such that 
0 € coo (MZ — ZM). 

Since W(.) is a convex subset and 

W (exp (га) (TY ~ YT)) = expGo)W(TY ~ YT). 
We choose Y by the choice of a scalar factor of modulus 1 such that 
W(TY-YT) с R2 = {z e С: Rez > 0). 
Let Z be defined on 

С= СӨК 


» z- В Я 
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ле мм o (51 1 -(» тэн 


for Ше vectors e = 1 of C, f and g are two vectors of K, С Е B (K,C) and Ре B 
(C,K) are associated by . 


C=e OF 
and 

D=g Ge. 
Then 

bs 0 e@T* f 

ME GUT Ine. ped 
Denote 

R= TY - YT. 


We will show a suitable choice of fg which gives Z the desired property. With respect 
to the following decomposition 


К-Н9-НӨНӨН, 
f= fo Sy Б), е< (е, 80. #3) 


we have 
82 + A83 
= 83 г 
0 


Te - l0 à tlle 

5“10 0 ol | 

n2 1 7 eum 
дж то Ё Е A* fi + fo 


83 
Choose f and g by 
A*f, +f = 0, 8 + Ag, = 0, 
ёз =f, = 0. 
If we put 
h= Tg = ТУ 
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If 
х= 0е + „СОЕ Сує К 


and for v e Г, we have Mx = vx, then 


| 0 з] Я - | (ylh) | 2 [а] 
h®e R |у ah + Ку y 
A solution х satisfies 
(у | h) = va 
ОЛ = -Ry 
(where R, = R — vi). If R, is invertible, then 
væ = (Ry | [R T h) = -oh | [Е 11А). 
F x is a non-zero solution, then & # 0 and y # 0, hence v does satisfy 
у = (1А, ]71А] h). 
for any possible values of у. Ву the choice of 
W(TY -YT) c R?, 
R= TY — YT has a spectral set А (a closed disk included in К? ). If Rev < 0, Ше тар 
defined on R by 
(2) = (2 - vy! 
which has a pole out of A, has for spectral set (A) which is included in CLR? , Since 
every convex spectral set contains the adherence of the numerical range, we have 
R, (КТИ < 0. 


Then Re(v) > 0. If ve È = (ze С: Rez < 0), then R, is invertible and M, is injective. 
We will show that M, is also surjective. Let 


x= Ge + y 
defined on G + C © K, and 


Мух = х 
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can be written as follows : 


(y| A)- уа = а, 


ah + Ry = у. 
This implies, 

оу + ан | Е) + а = (у | в). 
Since 


[v + (RI 'h | 8) 
is strictly negative, this gives the values of 0, y. Using Ше fact that 
у = [R]! (у'— on), 
we deduce that M, is surjective. By the above arguments no points of the spectrum of 
M are in У, and o(M) с R2 . Since it is a closed set, we also have coo(M) c R2 . This excluded 
the point 0 from coo(M), hence establishes that M don't belong to SF(G). 


Theorem 2.3. Let а, Бе the Jordan nilpotent operator of order р in a space of dimension 
р, and Ip”? a direct sum of j elements d» then 


q, 9 ТАМ 
acting on 
G= COK K=H ӨН ӨН, 
(H separable) is similar to some operator, which is not finite. 
Proof : This is to know that the operator q, ® 4) comes from an operator М(А) of 
Theorem 2.2. Now 
M = M (A) = 0 Ф TA) 


is similar to M (0) by the similarity which comes from that used for 7(A), 0 © S. Choose 
in each factors of G an orthonormal basis, say 


te, n E N*)} 

in the first factor H, 
fp n e N*) 

in the second factor И, 
(g, n € №) 

in the third factor H, 
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Then Т(0) transforms e, to 0, f, © e, and g, to f E 
En m Vect te, Sv 8, 
then £, reduces orthogonally 7(0), T, the restriction of Т(0) to E, is identically equal 
ю 4» 4, is the operator 0 in С, and we have 


TO= q Ө 4. 
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ON QUASI EINSTEIN PSEUDO PROJECTIVE RICCI 
SYMMETRIC MANIFOLDS 


BY 


P.K. GHOSHAL AND SANDHYA GHOSHAL 


1. INTRODUCTION 


The notion of a Quasi Einstein manifold was introduced by Prof. M.C. Chaki and R.K. 
Maity [1] who defined it as follows : 

A non-flat Riemannian manifold (M", g) (n 2 3) is called Quasi Einstein if its Ricci 
tensor S of Type (0,2) is not identically zero and satisfies the condition 

1) 5 (X,Y) = ag (X,Y) + БА (Х)А(У) 

where a and b are scalars of which b # 0 and A is a non-zero 1-form such that 

2) g (X,U) = A (X) VX, U being а unit vector field. 


In such a case, a and b are called associated scalars, А is called the associated 1-form 
and U is called the generator of the manifold. Such an n-dimensional manifold is denoted 
by the symbol (QE),. 

In 1988 Prof. M.C. Chaki introduced the notion of a Pseudo Ricci symmetric manifold 
[2] which was defined as follows : 


A non-flat Riemannian manifold (Мо) (n > 2) is called Pseudo Ricci symmetric if 
its Ricci tensor S of type (0,2) is not identically zero and satisfies the condition. 

3) (V,S) (¥,Z) = 2B (X) S (YZ) + B (Y) S (X,Z) + В (2) S (X,Y) where B is a non- 
zero 1-form such that. 


4) g(X,p) = B(X) YX and V denotes the operator of covariant differentiation [5] with 
respect to the metric tensor of the manifold. 


Subsequently, Prof. M.C. Chaki and S.K. Saha introduced a tensor called Projective Ricci 
tensor which they denoted by P and defined as follows : 
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5) P(KY) = cA (8 (GY) - Lg (ХҮ)] [5] 


where r denotes the scalar curvature. 
In 1994 they defined a Pseude Projective Ricci symmetric manifold as follows : [4] 


A non-flat Riemannian manifold (M",g) (n>3) is said to be Pseudo Projective Ricci 
symmetric if its Projective Ricci tensor is not identically zero and satisfies the condition 


6) (V.P) (Y,Z) = 2D (X) P (Y,Z) + D (Y) P (ZX) + D (2) P (X,Y) 

where D is a non-zero l-form such that 

Т) Ху) = D(X) VX 

where V is a vector field not orthogonal to U and V has the meaning already mentioned. 


In 2001, Quasi Einstein Pseudo Ricci symmetric manifold was studied by Prof. M.C. 
Chaki and the first author of the present paper (P.K. Ghoshal) [3] 


The object of this short paper is to extend the results of this paper by undertaking the 
study of Quasi Einstein Pseudo Projective Ricci symmetric manifolds. Such an n-dimensional 
manifold (n>3) shall be denoted by the symbol X(QE),. For a manifold of this kind, the 
conditions (1), (2), (5), (6) and (7) will hold. In case of this type of manifold a,b will be 
called the associated scalars, A and D will be called the Primary and auxiliary associated 1- 
forms and U, V will be called the primary and auxiliary generators. 


From 1) it follows that 
8) гжпа + Б 


In the present paper И is shown that in a (QE), the associated scalar b cannot Бе a 
non-zero constant. Further, the relation between the primary and auxiliary associated 1-forms 
and that between the primary and auxiliary generators are obtained in case of an admissible 


X(QB),. 
1. Preliminaries 
From (1) we get 
(p. 1) S(X,U) = (a+b) A(X) 


Again from (5) we have 


(р. 2P 0,0) = -8-480х4) - (2219) х,у 


= bA(X) 
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Hence P(X,U) # 0 

Again (p. 3) P (U,U) = b 

From 6) it follows that 

(p. 4) (V,P) (Y.U) = 2D (X) Р (ХО) + D(Y) P (X,U) + D(U) Р (X,Y) 
= 2b D(X) ACY) + b D (Y) A(X) + D(U) P (X,Y) 

From (p. 4) we get 

(р,5ХУ,РХО,О) = 2b[D(X)  D(U)A(X)] 

But 

(V,P) (0,0) = V,P (U,U) = V,b [by (p. 3)] 

Hence (p. 5) can be expressed as follows 

(p 6) V,b = 2b[D(X) + D(U) A(X)] 

These results will be used in the sequel 

2. Non-Existence of A У(ОЕ) , (n 2 3) when b is a non zero constant 

Since b # 0, it may be a non-zero constant or may not be a non-zero constant. 

Let us suppose that b is a non-zero constant. 

Then form (p. 6) it follows that 

(2.1) D(X) + DCU) A(X) = 0 

Putting X=U in (2.1) we get 

(2.2) D(U) = 0 


Hence from (2.1) we have D(X) = 0 which is contray to be assumption that D(X) is 
not-zero. 


Hence a X(QE),, cannot exist if b is a non-zero constant. This leads to the following 
result. 


Theorem 1: In a (QE), (n 2 3) the associated scalar b cannot be a non-zero constant. 
3 УХОЁ), in which the associated scalar b is not a non-zero constant 

In this case we can express (p. 6) as follows : 

(3.1)X. b = 2b [D(X) + D(U) A(X)] 

ог,“ 


(3.2) Xlog/p = D(X) + DU) A(X) 
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From (3.2) we have 
(3.3) D(X) = X.log yp - D(U) A(X) 
From (3.3) it follows that 


(3.4)V = grad (log Б) ~ D(U) U 
Considering (3.3) and (3.4) we can state that following result : 


Theorem 2: If in а (ОЕ), the associated scalar b is not a non-zero constant, then 
the relation between its primary and auxiliary associated 1-forms А and D and that between 
its primary and auxiliary generators U and V are given by (3.3) and (3.4). 


In conclusion, we offer our grateful thanks to Prof. M.C. Chaki for suggesting the problem 
and for his assistance in the preparation of this paper. 
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"IN, Pad), SUMMABILITY OF A SERIES Уа" 


NAMITA SHRIVASTAVA & SNIGDHA DUTTA 


ABSTRACT : In the present paper a theorem of H.S. Özarslan (41 has been generalised under lighter 
conditions on sequences (p,] and [X,] with {p,,} as a sequence of positive real numbers instead of 
non-negative non-increasing sequence and a non-negative bounded sequence {A,} instead of a non- 
negative, non-increasing sequence {А}. 


Key words : |N ’ ри! k summability, IN, р; 6], boundedness, summability factors, Hólder's inequality. 


1. SUBJECT CLASSIFICATION NO.: 
40F05 : 1980 AMS Mathematics (Absolute and Strong Summability). 


2. NOTATION AND DEFINITIONS: 


oo 


Let Ха, be a given infinite series with 15,) as the sequence of its partial sums. Let 


n=0 


(P,) be a sequence of non - negative. 
real numbers such that 
n 
Р = Y p, оо, an — v» eus (1) 
у-0 
(РР = ру= О 121) 
The sequence to sequence transformation 


1 п 
іл = Р, Е Риу ..... (2) 
po 


defines the sequence (г, of the (Ñ, Pn) mean of the sequence (5 | generated by the 


sequence of coefficients {р} 
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The series Ха, is said to be summable IN, Pn|, >» k > 1 (see [1]) if 


К-1 
eS P, k 
У (2) А-1] <2 w (3) 


Ok+k-1 
с (B k 
| 3 |n | <= — @ 


Pn n 
where A, =- Y PB, тау, n21 we (5 
n 1 PaPa] ve y 1 y ( ) 





(For any sequence {г}, Ar, = r, — г) 


In the special case when 0-0, IN, Pn ôl, summability is the same as IN, Pn, 


summability. 


The series Ха, is said to be [N. Де bounded, if k 2 1, (see [1]) 
n k 
2 Рур = O(Pa) as n — œ ... (6) 


and it is said to be |N, Pa; б], bounded, k > 1 if (see (2) 


n Р, & Ё 
P Py Pylsy| - О(Рһ) as n — со T (7) 


If we take ô = 0 then [N. Pn б], boundeness is the same as | Py], boundedness 


(see [1]). 
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INTRODUCTION 


In this paper the following theorem A of H.S. Özarslan [4] is generalized under lighter 
conditions. 


Theorem A [4] 


Let {p,} be a positive non-increasing sequence such that P, — œ as n — œ and 


5 (AJ г. er 
п=у+1\ Pn Pn-1 Py Р, 1 .4 (8) 


If Xa, is IN, Pn: 8 k bounded and (4,,) is non-negative, non increasing sequence such 





that 


LP A, зе one (9) 
and Р, (АА) = O(p,A,) w (10) 


then the series Ха А, is summable IN. Ри; 8. K21 


MAIN THEOREM 


In this paper our aim to prove the following theorem [B] for sequences (р,) and {А} 
such that (p,) is of positive real numbers instead of non-negative, non-increasing sequence 
and a non-negative bounded sequence (А, } instead of non-negative, non-increasing sequence 
{A,} of theorem A. i 


THEOREM [B] 


n 
Let {p,} be a sequence of positive real numbers such that Р, = Apo? 28 
y 


n = о, (P= p;=0) i 21 and {A,} be a non-negative bounded sequence such that the 
conditions (7), (8) and (10) are satisfied and 


Y Бел <=» (11) 
у=) Py v E 


; | : 
and УМА} -. (12) 


82 NAMITA SHRIVASTAVA & SNIGDHA DUTTA 





n n 


Then the series Уа A, is summable |N, Ри; 8. юу? 1 


РКООЕ 


Let (Т,) denotes the (N, Pn) mean of the series Хал, Then by definition (2) we have 


21 2 
- ДИ Py Av Ar 
Then for n > 1, we have 


_ _ p п 
n-l 


4 (Ру = 0) ... (13) 


By applying Able’s transformation and simplifying we easily get the relation. 


н-1 nl 3 
T,-T. =- DI. y PsA, + Ро у s P(AA,)  PErin^n 
nn 7 2 dy Mev EP V v(AAy) + Pj 019) 
= Tpi + Tapat Tag SAY (15) 


To prove the theorem, by using а well known inequality [6, Page 2161“, it is sufficient 
to show that (see [4]) 


(fo r = 1,2,3) ... (16) 
Applying Hólder's inequality with indices k and А where 


1+], =1 and using (7), (8), (11) and (12) we get 


6-1 k 
mii Р, 11 n-l 
Ir. | <È fn) пу: рь) 


n-l 


fy 


9844-1 
n=l Pn | 


we (17) 


* Inequality in (6, Page 216]. If there are n positive quanities a,b,c.....k then (atb+c+.... +k)” 
< пі (а" + b? + c + + K") for m 2 1. 
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ók-A 

H- -1 К 

«on s fn | EI " руд БУ 
n— 





n Рл уд) У 
ók-1 
k niti (Р, 1 
«od 4 РЗ 
00 У Pyl 4) Буе а (е Р 


500) 2 У РИА Yn ls a 


< | 


By virtue of (7) 


-o9 МЛ. Г ХИЙГ, 32 


By Abel’s transformation 











By virtue of (7). 
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.. (18) 


. (19) 
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moi} К Пода Poel k 
= О(1 PM Laur cm P Р, + ОП) 
v-0'v v4l y | 





k 
k k 
+ ў Cal Pad | 
v=0 у т 


= О (1), as m — со 





By virtue of (11), (12) and ав (А, } is bounded. 


Again by using the condition (10) we have 


-] 
Pn "S 5,(ЛА,)Р, 


PuPh—1 v=0 


Ok+k—1 
тэ! p 
X (2) Uv. 


Pn р 





n=l n=l\ Р 





ók-1 k 
+1 n-i 
ооу (2) 1 : X шт 
n=1\ Pn (8.1 у=0 

= O(1), m — оо 


As in case Т л 


(see the proof from (17) onwards) 


Finally as in T, , we have 


| Р, Їр ! “а а)“ Р, Азу k 
пя А Pn n3 n=} Pn Ph 


1 ie Py ша Ё 


n=1\ Pn 


mi pP руу, Жак 
- L 
БЭ pn) Ба 
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ml/ p ok 
D > (8) ЗГ 2 Is. ў 


n=] 
= О (1), as m — со 
As in case T,, (see the proof from (18) onward) 


Therefore we have 


Ok+k-1 
mt 
= ral =0 (1) a m ә œ for r = 1,2,3 
п- п 


This completes the proof of the theorem. 
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ON A SEMI-SYMMETRIC NON-METRIC CONNECTION 
IN A KENMOTSU MANIFOLD 


В. PRASAD AND ASHWAMEDH MOURYA 


ABSTRACT : Some properties of the curvature tensor. Weyl conformal curvature tensor, projective 
curvature tensor, concircular curvature tensor, W, curvature tensor and special curvature tensor of a 
semi-symmetric non-metric connection in a Kenniotsu manifold are studied. 


1. INTRODUCTION 


Let M be an n-dimensional almost contact metric manifold (Blair 1976) with an almost 
contact metric structure (0,&,u,g), that ф is a (1,1) tensor field, Е is a vector field, u is a 
1-form and р is a Riemannian metric on M such that 


(à =-1+u@E, цё) = 1, 0650, 0ф =O oa (1.1) 
gX, фҮ) = g(X, Y) - u(X) u(Y), wee (1.2) 
(X,Y) = g(OX,Y) = -Ф (Y,X), в(6,Х) = u(X), wee (1.3) 


for all X,Y, е TM. An almost contact metric manifold is called a Kenmotsu manifold 
(Kenmotsu, 1972) if 


СУ,ЮҮ = u(Y) 6X - в (OX, Y)E, ... (1.4) 
where V is Levi Civita connection of g from (1.4) it follows that 
VxE = pX. ss (1.5) 


Also in Kenmotsu manifold, we have 
(V,u) (Y) = g(X,Y) - u(X) u(Y) 


A semi-symmetric non-metric connection y in an almost contact metric manifold M 
can be defined by (Prasad and Verma 2004) 


VY = VY + (ОХ + абу ae (1.6) 
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2. CURVATURE TENSOR 


Let В апа R be the curvature tensor of V and V in almost contact metric manifold. 


In view of (1.6), R and R are related by 


R X,Y) Z = В(Х,Ү) Z – o(Y,Z)X + o(X;Z)Y + da (X,Y)Z, a (2.1) 
where œ is a (0.2) tensor defined by 

o(X,Y) - (V ШҮ = - gOGY) - aX) a(). пер (2.2) 
From (2.1), we deduce that 

Ѕ(Х,Ү) = SQGY) - (n-1) О(Х,Ү) we (2.3) 
ү =r- (п-1)0, „ (2.4) 


where § (resp г) and S(resp г) are Ricci tensor (scalar curvature) of V and V 
respectively. 
Lemma (2.1) : Let M be a Kenmotsu manifold with the semi-symmetric non-metric 


connection V. Then 


(VOY = Ф(У,Х)Е – а(х)фү, ша (2.5) 
V6 = uQOE + а(х), _.. (2.6) 
(V ,u) Y = -g (X,Y) – а(х) u(Y) = оХ,Ү), «x (2:7) 


Е (X, Y)Z = R(X, Y)Z+g(Y,Z)X-g(X,Z)Y+a(Y) u(Z)X—a(X)u(Z)Y+da(X,Y)Z ... (2.8) 


Proof : Using (1.6), (1.1), (1.4) and (1.3), we get (2.5). Equation (2.6) follows from 
(1.6) and (1.5) and (1.2) we get (2.7). In consequences of (2.1) and (2.7), we get (2.8). 


Theorem (2.2) : In a Kenmotsu manifold with semi-symmetric non-metric connection 
V we have 

К (Х,Ү)2 + В (Ү2)Х + R(ZXY 

= a(Y)u(Z)X + a(Z)u(X)Y + a(X)u(Y)Z 

-a(X)u(Z)Y – a(Y)u(X)Z - a(Z)u(Y)X, vee (2.9) 

R (X,Y,Z,W) + R(Y,X,Z,W) = 0, we (2.10) 
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ROGYZW) - R (Z,W,X,Y) = a(Y) u(Z) g(X,W) - a(X) u(Z) g(,W) 
a(W) u(X) g(Z, Y) + a(Z) u(X) g(W, Y. 
Proof : Using (2.8) and the first Bianchi identity 
R(X,Y)Z + R(Y,Z)X + R(ZX)Y = 0 we (2.11) 
with respect to Levi Civita connection V, we get (2.9), From (2.8) we have 


R OG,/YZ W)  ROGYZ,W) + g(YZ) g(X,W) - gOGZ) g(Y,W) 

+ a(Y) u(Z) g(X,W) — a(X) u(Z) g(Y,W) (2.12) 
which implies (2.10) and (2.11) 
Remarks : If in particular a = 0, then from (2.9), and (2.11) we get the expression 


for the curvature tensor R of the manifold with respect to Xy. and its properties as were obtained 
by Tripathi and Kakkar in their paper, 2001. 


Theorem (2.3) : In an n-dimensional Kenmotsu manifold the Ricci tensor § and scalar 


curvature г of semi-symmetric non-meric connection V are given by 


5(Х,Ү) = S(X,Y) + (n-Dg (X,Y) + (1-1) а(х) u(Y), ... (2.13) 
and ү =r + n(n-1) + (n-1) а(6) we (2.14) 


consequently S symmetric iff 


a(X) u(Y) = a(Y) u(X). 
Proof : From (2.3) and (2.7) we get (2.13), (2.14) follows from (2.13). In view of (2.13), 
we have 


Ѕ(Х,Ү) - S(Y,X) = (n-1) (a(X) u(Y) - a(Y) 100), we (2.15) 
Y S(X,Y) в symmetric the left hand side of (2.15) vanishes, hence we get 
a(X) u(Y) = a(Y) u(X) .. (2.16) 


which proves the theorem. 

Theorem (2.4) : If a Kenmotsu manifold of dimension n admits semi-symmetric 
non-metric connection ұу then a necessary and sufficient condition for the Ricci 
tensor V to be skew symmetric is that the Ricci tensor of the Kenmotsu connection V is 
given by (2.18). 
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Proof : Form (2.13) we get 


SOGY) + $(Ү,Х) = 28(Х,Ү) + 2(n-1) [gOGY) + а(х) u(Y)]. .. (2.17) 
Е SQGY) is skew symmetric the left hand side of (2.17) vanishes and we get 
S(X,Y) = - (n-1) [g(X,Y) + а(х) u(Y)]. . (2.18) 


a On the other hand if S(X,Y) is given by (2.18) then from (2.17) we get 
S(X%Y) + S(¥,X) = 0 


which proves the theorem. 


3. CONFROMAL CURVATURE TENSOR 


Theorem : If а Kenmotsu manifold admits а semi-symmetric поп-теігіс V, then a 
necessary and sufficient codnition for the conformal tensor C of the manifold (M") with respect 
to Riemannian connection and the conformal curvature tesor с of the manifold with respect 
to semi-metric connection to be equal is that l-from a is zero. 


Proof : Let C and C denote the conformal curvature tensor with respect to V and 
V respectively. Then we have 


'COGYZ W) = ROGYZW)- 2 {5(Ү,7) g0GW) - 8062) СҮМ) 


+ SOGW) g(Y,2 - 5СҮМ) g(%Z)} + 18СҮ,2) gGGW) 


б = Еа 
(n-1)(n-2) 
- 8(Х,7) 8(Y,W)} 


and 'C(X,Y,Z,W) = 'ROGYZW) - 2 {S(¥,Z) g(X,W) - 50,2) g(Y,W) 


r 
+ SOGW) g(Y,Z) - (ҮМ) g(X:2)) + mD- (ЕСҮ2) g(X,W) 


- gX.Z) g(Y,W)} .. (3.2) 
where 'G(X,Y,Z,W) = 2(G(X.Y,Z),W) 
and 'C(X,Y,Z,W) = g(C(X,Y,Z),W) 
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In consequences (2.12), (2.13), (2.14), (3.1) and (3.2) we find 


'COCYZN) = 'COCXZ) + 20) (еко XW - 8020 gW) 


= Eo tal) ХИМ) - а(х) gW) uZ- 2-1 (40) 8682) 


- a(Y) 8(Х,7)) u(W) .. (3.3) 


It is clear from (3.3) И 1-form a = 0, then 
'C(X%Y,Z,W) = 'C(X,¥,Z,W) 
Conversely let us consider 


'COGY,Z W) = 'C(X,Y,Z,W) then from (3.3) we get 


— [a(X) g(¥.W) - a(Y) g(X,W)] u(Z) 
-34 [a(X) g(Y,W) - a(Y) g(X,W)] u(W) 


AO ЕСҮ2) g(X,W) – (XZ) 8(ҮМ)] = 0 


: which yields u(Z) ау) = 0 
Since 1-form u # 0. hence, 1-form a = 0, 
which proves the theorem. 
Remarks : If in particular а = 0 then from (3.3) we get 'C (X,Y,Z,W) = 'C(X,Y,Z,W) 
i.e. the Weyl conformal curvature tensor of the manifold with respect to V and semi-symmetric 
non-metric connection v are equal. This is the corresponding theorem as were proved by 
Tripathi and Kakkar (2001). ` 


From (3.3) we have the conformal curvature tensor with respect to semi-symmetric non- 
metric connection satisfying the following algebraic properties 


C (X,Y,Z) + C(Y,X,Z) = 0 n (3.4) 
ad COGYZ) + С(Ү2,Х) + С(2,Х,Ү) 
= L 1402) (a(X)Y - a(Y)X} + u(X) (4002 - a(2)Y] 

^. (3.5) 


+ u(Y) {a(Z)X - 40021 
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In particular 


C (X,Y,Z) + С(Ү2,Х) + C(Z,X,Y) = 0 if any only if а(х) Y = a(Y)X 


4. PROJECTIVE CURVATURE TENSOR 
Theorem (4.1) : If ап Kenmotsu manifold admits a semi-symmetric non-metric 
connection y then a necessary and sufficient condition for the projective curvature tensor P 
of the manifold (M") with respect to Riemannian connection and the projective curvature tensor 
P of the manifold with respect to semi-symmetric non-metric connection to be equal is that 


a(X) u(Y) = a(Y) u(X) 


Proof : Е p and P denote the projective curvature tensor with respect to Y and V 
respectively. Then (Mishra, 1984) 


POGYZ - Б(Х,Ү2) + «Lov 8(ҮХ)2- —E—[s(YZ2X - §(%DY] 
n+l п2-1 








- —L—ISCYX- 8(2ХУҮ) ^ (4.1) 
n4 -1 
and P(X,Y,Z) = R(X,Y,Z) + LIY) ~ S(Y.Z)Z - 5" POX - S(X,Z)Y] 
n -- 
x —L—ISZ, YX - S(Z,X)Y] . (4.2) 
n4 ~] 


In consequences of (2.8), (2.13), (4.1) and (4.2) we find 
PAYD = PAYD + гү Ца(Ууц2) - а®щҮ)}Х+{а(20щХ) 


- а(х) u(Z)}Y] + ал [а(х) u(Y) — a(Y) Ха -. (4.3) 


If a(X) u(Y) = a(Y) u(X) then from (4.3) we get 
P(X,Y,Z) = P(X,Y,Z) 
Converse is also true. Hence the theorem. 


Remarks : If in particular a = 0 then from (4.3) we get P(X,Y,Z) = P(X,Y)Z i.e. the 
Weyl projective curvature tensor of the manifold with respect to V and semi-symmetric 
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non-metric connection V are equal. This is the corresponding theorem as were proved Бу 
Tripathi and Kakkar in (2001). 


Theorem (4.2) : If the Ricci tensor S of the semi-symmetric non-metric connection 


V in a Kenmotsu manifold vanishes then the curvature tensor with respect to v is equal 
to the projective curvature tensor of the mainfold 


Iff a(X) u(Y) < a(Y) u(X) 
Proof : In view of S = 0 and (4.1) we have 


POGYZ = ROGYZ . (44) 
From (4.1) апа (4.3) we get 


R(X Y)Z = P(X,Y,Z) + -H [(a(Y) u(Z) - a(Z) u(Y))X + (a(Z) u(X) 


- а(х) u(Z)}Y] + z [a(X) u(Y) — a(Y) u(X)]Z (45) 


If a(X) u(Y) = a(Y) u(X) then from (4.4) we ре! 
R(X,Y)Z = P(X,Y,Z). 
Converse can be proved from (4.5), hence the theorem. 


From (4.3), we have the projective curvature tensor with respect to semi-symmetric non- 


metric connection satisfying by the following properties 


POGYZ) + P(Y,X,Z) = 0 

and P(X,YZ) + Р(Ү2,Х) + P(Z,X,Y) 

= {a(Y) u(Z) - a(Z) u(Y)}X + {a(Z) u(X) - a(X) u(Z)}Y 
+ (а(х) u(Y) — a(Y) u(X))Z. 

If in particular 


Р(Х,Ү2) + РСҮ2,Х) + P(Z,X,Y) = 0 Iff a(Y) u(Z) = a(Z) u(Y) 


5. CONCIRCULAR CURVATURE TENSOR 


Theorem (5.2) : If a Kenmotsu manifold admits а semi-symmetric non-metric 


connection V , then a necessary and sufficient condition for the concircular curvature tensor 
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V of the manifold (M") with respect to Riemannian connection and the concircular curvature 
tensor у of the manifold with respect to semi-symmetric non-metric connection to be equal 
that 


a(E) g(Y,Z) = n a(Y) u(Z) 


Proof : Let y and V denote the concircular curvature tensor with respect to V and 
V respectively. Then we have 
-7 





VOGYZ = ROGYZ - sai; РОК - gX,Z)Y] e (5.1) 
257 
and V(X,¥,Z) = К(Х,Ү)2 - r - n [g(Y,Z2)X - g(X.Z)Y], ($2) 
nin - 


In consequences of (2.8), (2.14) and (5.2) and (5.3) we find. 


VOGYZ) = VOGYZ) - O tetyzyx - gCGZ)Y] + u(Z) [a(Y)X 


— a(X)Y] w (5.3) 
From (5.3) we get If a(E) g(Y,Z) = n u(Z) a(Y) 
then VOGYZ = У(Х,Ү2) . (54) 


Conversely let us consider V (X,Y,Z) = V(X,Y,Z) then from (5.3), we get 


u(Z) [a(Y)X — a(X)Y] - ЗО tet zx - gX,Z)Y] = 0, 


which gives a(£) g(Y,Z) = n u(Z) a(Y). 


Hence the theorem. 


Remarks : If in particular а = 0 then from (5.3) we get y (X,Y.Z) = V(X,Y,Z) i.e. the 
concircular curvature tensor of rhe manifold with respect to V and semi-symmetric non-metric 
connection y are equal. This is the corresponding theorem as where proved by Tripathi and 
Kakkar in their paper 2001. 


From (5.3), we have the concircular curvature tensor with respect to semi-symmetric 
non-metric connection satisfying by the following algebraic properties. ` 
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VOGYZ + ү(Ү,Х,2) = 0 
VOGYZ + үуСҮ2,Х) + V(ZX,Y) 

= u(X) [a(2)Y] - a(Y)Z] + u(Y) [a(X)Z - a(Z)X] + u(Z) [a(Y)X - a(X)Y]. 
If in particular 

VOGYZ + У(Ү2Х) + V(ZX Y) = 0 

Iff a(Y)X = a(X)Y. 


6. W, CURVATURE TENSOR 


Theorem (6.1) : If an Kenmotsu manifold admits a semi-symmetric non-metric 
connection y then a necessary and sufficient condition for the W, curvature tensor (Mishra 


and Pokhriyal, 1970) of the manifold (M") with respect to Riemannian connection and the 
W, curvature tensor of the manifold with respect to semi-symmetric non-metric connection 
to be equal is that g(Y,Z) = -а(У) u(Z). 


Proof : 


"Wa (KY.ZW) + КОМО) + H [a(%Z)S(%,W) - &(YZSOGW) (64) 


and 'W.(X,Y,Z,W) + 'R(X,Y,Z,W) + — 180Х,2)5(ҮМ№) - g(Y,:Z)ISQGGW) ... (62) 
In .consequences of (2.12), (6.1) and (6.2) we find 
"W2 (X%Y,Z,W) = 'W.(X,Y,Z,W) + g(X,W) [g(Y.Z) + a(Y) u(Z)] 

- gOGW) [g(X,Z) + aX) u(Z)] . (6.3) 


' If 'W2(X,Y,Z,W) = W, (X,Y,Z,W), then from (6.3), we get g(Y,Z) = -a(Y) Y(Z) 
Conversely if g(Y,Z) = —a(Y) u(Z) then from (6.3), we get 


'W2 (X, Y,Z,W) = W(X, Y,Z,W). 
Hence the theorem. 


From (6.2) we have the W2 curvature tensor with respect to semi-symmetric non-metric 
connection satisfying the following algebraic properties. 


W2 (XYZ) + W2(¥,X,Z) = 0 Эс . (64) 
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and W2(X,Y,Z) + №2 (Ү2,Х) + W2(Z,X,Y) 

= [a(Y) u(Z) - a(Z)u(Y)]X + [a(Z) u(X) - а(Х) u(Z)]Y 

+ арх) u(Y) ~ a(Y) и(Х)]7 .. (6.5) 
In particular -W2 (X,Y,Z) + №2 (Ү2,Х) + W2 (2,Х,Ү) = 0, 
Iff a(X)u(Y) = a(Y) u(X) m 


7. SPECIAL CURVATURE TENSOR 


Recently Singh and Khan in 1998 define a special curvature tensor of the type (1.3) 
by the relation 


JOGYZ) = R(X,Y,Z) + R(X,Z,Y) (7.1) 
Or equivalently | 

БОСХ, Y,2),W) = g(R(X,Y,Z),W) + g(ROGZ Y),W) o 02) 
'JOGXZ,W) = 'R (XY,Z,W) + 'ROGZYW) «a. (7.3) 


It is obvious that 
JG YZ) = JOGZ Y) 
and J(X,Y,Z) + KY,Z,X)  J(ZX, Y) = 0 a (7.4) 


Theorem : Опа semi-symmetric non-metric connection in а Kenmotsu manifold satisfies 
the following special curvature tensor 


@ T%YZ)+ Ј(Ү2,Х) + Ј(2,Х,Ү) = 0 
Gi) J(X,YZ) + }(Ү,Х,7) = В(Ү,2)Х + gOG2)Y - 2804702 + u(Y) [a(Z)X 
- a(X)Z] + u(X) [a(Z)Y ~ a(Y)Z], 

Proof : Using (2.12) in (7.1) we get 
'TO%Y,Z,W) = JOGYZ,W) + 2g(¥,Z) g(X,W) 

- 8(Х,7) g(Y,W) – g(X,Y) g(Z, W) + u(Z) [a(Y) g(X;W) 

- a(X)g (Ү,№)]  u(Y) [a(Z) g(X,W) - а(х) g(Z, W)] w (7.5) 
Using (7.4) and (7.5) we get 
JOGYZ + Ј(Ү2,Х) + J(Z,X,Y) = 0 


ОМА SEMI-SYMMETRIC NON-METRIC CONNECTION IN A KENMOTSU MANIFOLD 97 


where 1(Х,Ү2) = R(GYZ) + ROGZY) 


Similarly we have 


JOGYZ + Ј(ҮХ,2) = g(¥,Z)X + g(X,Z)Y - 2807202 + u(Y) [a(Z)X - 2002 


+ u(X) [a2 Y ~ a(Y)Z], 


which proves the statement. 
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COMMON FIXED POINT THEOREM FOR RATIONAL 
INEQUALITY IN A QUASI 2-METRIC SPACE 


S.S. PAGEY, SHALU SHRIVASTAVA AND SMITA МАН 


Fisher [1], Sharma and Bajaj [2] obtained some fixed point theorems in a complete Quasi 
2-metric Space. 


In this paper we will prove a fixed point theorem for commuting pair of four self 
mappings satisfying rational inequalities in a Quasi 2-metric space. 


1. INTRODUCTION 
DEFINITION 1 : 


A Quasi 2-metric space is a space X in which for each triple of points x, y z there 
exists a real function d (x,y,z) such that 


[M,] to each pair of distinct points x, y, 2 
d (х у, 2) #0 
[M] d (х, у, г) = 0 when atleast two of x, у, z are equal 
[Mj] d (5 y, 2 S d à, y, u) +d (x u, z) +d (u, y, г) 
for all x y 3 u n xX. 
DEFINITION 2 : 
A sequence {x,} in a Quasi 2-metric space (X, d) is said to be convergent at x if^ 


n 
um. d (x, x, 2) = 0 for all z in X 
DEFINITION 3: 
A sequence {x,} in a Quasi 2-metric space (X, d) is said to be Cauchy sequence if 
т, 1 d (Xp X, 2) = О for all z in X 
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DEFINITION 4: . 
A Quasi 2-metric space (X, d) is said to be complete if every Cauchy sequence in X 
converges to some point of X. ` 
THE MAIN RESULT 
| Let (X, d) be a Quasi 2-complete metric space and let Е, Е, T and 5 be four continuous 
self mappings of X satisfying 


ES = Е FT = ТЕ E(X) с ТХ) and F(X) с S(X) stb 
d(Sx, Ex, a) [4 (Ty, Fy, а)+ d (Ex, Ту, a)] 
APA ред d (Sx, Ty, a) * d (Ex, Ty, a) 


d(Ex, Ty, a) [d (Sx, Ex, a) * d (Ty, Fy, a)] 
[d (Sx, Ty, а) +d (Ex, Ty, a)] 


d(Ty, Fy, a) [+4 (Sx, Ех, а)] ` 
1+d (Sx, Ту, а) 


4(5х, Ех, a) d(Ty, Fy, а) 

d (Sx, Ty, a) 
+ as [d(Sx, Ex, а) + d(Ty, Fy, а) 
+ а a(Sx, Ty, a) 


жад 


aw (2) 


for all x, y € X with Sx # Ty, 

4(5х, Ty, а) + d(Ex, Ty, a) + 0, 

dp Ay ау Ay ds, 46 > 0, 

aç < land a, + a, + а жа, + a; +a < 1 

Then E, F, T and S has a unique common fixed point. 
PROOF à 
| Let ха € X, by (1) there exists a point x, € X such that Tx, = Ax, and for this point 
Хү, We can choose a point x, € X such.that Bx, = Sx, and so on. Inductively, we can define 
a sequence {y,} in X such that 

Yon = Гола = Ex, and 

Ула = Зоо = Ёл, n = 0,1, 2, 3 
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From (2), we have 
d, Ул» D = d(Ex,, Fx, а) 
aj d (5x5, Еход, а) | (хор, Еопр 2) + Ф(Ёход, Тәл, 9)| 
хор, Тхор], а) + d(Exos, Тхәп+], а) 


4 224(Еход, Тә, 9) | ол, Ехэ, a) Тхор, Ех, а) 
хол, Тхәһад, а) + d(Exog, Тхор], а) 


" аз хо Fxon41, 9) [1+ d($xo5, Exon, а) 
1+ хор» Тхор, 9) 


+ 2402, Ехал, а) (Полар Fronts а) 
Ф хэд, TxQn 44, a) 


+ а4 (хэн Ехо» а) + “(Тху Lp F¥on gy) a) 


+ agd (бх Тхор а) 


2 #й09л-р Ул» 9) | бэл, Ул в 2 + 4Оон Ур» 2) 


= d(yon- p Уһ D + d(Yo Yop 9) 


+ аз (Уол, У2п, а) [уэл -1› 2n: a)* (Уол: 2n 4-1" а) 
d(yon-]: Yon? a) + Ayan, Yon a) 


» аза Yon» У2п+1 4) ГОСЕЛ 2n: a) 
Lt до» Уол, 9) 


+ 24400 n-1: Ул, а) Уп, Yon. 9) 
d(Yon-1: Уда» 9) 
+ as|dyo, 1. Yan 4) + Arn +1: 9) 
+ asd (Узр Уол, 9) 
< (а + a, + a, + as) у)» Упр а) 


+ (as + ag Aon» Уә» 9) 
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Therefore, | 
(45 *ag ) 


d - , à) 
-(а +43 t a4 * a5)] (2n-1: Y2n 


Ayan) Y2n« 4) 5 П 


ie 46 Уол» 9) Sk Яо үр Хор 9) 


where |! 
ке (85546) gy 3 | 
-(а| +аз +ад *as)] эн 
Ком 
dy, Упр а) Sk dy, p Jw a) 


< K dy yy a) 
‘For every integer p > 0, we geti 
dy, Ул» 4) S dy, Ур а) + dO p Ур 9) 
4 dy,» Улар а) 
S d(y, Ymp 9) + dO, Уо 9) +... 
+ Wrap» Уиър 9) 
+ др Уло Улар) + Фә Улаз nap) + +: 
+ ар-р Ynsp Улер) 
S Кур y, а) + Шуу ур a) +... 
+ Kdy, Ур а) 
+ Kays Ур Yap) Tuc к"+Р-?д(у„, Ур Ynsp) 
S К(1+К+К7+...+-!) d(yg Ур а) 
+ Ка ++?) дуо ур» Уп+р) 


< k” т) [avo Ур а) Ы 4» Jpn + ») 


Letting n — со, we have dOp y, +p — 0. Therefore {y,} is a Cauchy Sequence in 
X. Then as X is complete so {у} „м converges to some и € X. So consequently the sub — 
sequence 


(Ex), (Родна! {Tx,,} and (Болан! 
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of {y,} also converges to the same point u. Now from (1) since Е, Е T and 5 are 
continuous, such that 


E(S(x,)) — Ки, 

S(E@,)) — Su, 

F(T(x,)) -> Fu, and NF, — Ти 

Eu = Su, Fu = Tu s (5) 
from (1) 

d(EEx,, Кор а) 


3 aj d(SExos , EExo,, а) | хол, Ехо, а) + 4(ЕЕход, Тхддад» a) 
4(5Ехэн, Тхор, а) + 4(ЕРХэд, Тхор, а) 


T" а d EExys, Тоня, а) | Ехо, ЕЕход, a) + хол, Роля, 9)| 
4(5Ёход, Топ, а) + EEX, Тхор, а) 


Е аз хол, Ехал, a) --4(5Ехэл, БЕх ол, a) 
1+d(SEx9,, Txonl a) 


" agd(SEx9,,, EEx9,, a) Хоп» Ехору, а) 
d(SEx),, Тхор, a) 

+ а4 4 Ехо, ЕЕхул, а) + 4(Тху„_ ү, Ёху„ 1, 9) 

+ ай (5Ех,,, Tx), y а) 


d(Su, Eu, a) [d(u, и, a) + d(Eu, и, a)] 


Ей и, йу < 
dirum) Su] a(Su, u, a) + «Ени, à) 


: d(Eu, и, а) [d(Su, Eu, а) + Фи, и, а) 
2 d(Su, и, a) + d(Eu, и, a) 


d(u, и, а) [ + d(Su, Eu, а) 
T аз 


1+ d(Su, и, а) 


deu d(Su, Eu, a) d(u, u, a) 
4 d(Su, u, a) 


+ as [d(Su, Eu, a) + d(u, и, а)! + agd(Su, и, а) 
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Therefore 
d(Eu, и, a) < (Ец, u, а) as aç < 1 
Which is a contradiction. 
This gives Eu = u = Su i.e. u is a fixed point of E and S. 
Similarly we have Fu = и = Ти 
So u is a common fixed point of Е, Е 5 and Т. 


In order to establish the Uniqueness of the common fixed point, Jet у be another fixed 
point of Е, Е, T and S. Then 


и, v, a) = Еи, Fv, а) 


d(Su, Eu, a) | (Ту, Fv, a) + d(Eu, Tv, а) 


5 
4 d(Su, Ту, a) + d(Eu, Ту, а) 


d(Su, Tv, а) [4(5и, Eu, а) + d(Tv, Ру, a)| 


+ 
“2 4(5и, Tv, a) + d(Eu, Tv, a) 


а(Ту, Е», a) [1+ d(Su, Eu, a)| 


+ 
73 1+ d(Su, Ту, a) 


T d(Su, Eu, a) d(Tv, Fv, a) 
4 d(Su, Ту, a) 


+ as | (5и, Еи, а) + 4(Ту, Бу, а) 
+ agd (Su, Tw а) 
Щи, v, a) < ad (и, v, а) 
which is a contradiction as a, « 1. Therefore u = v. 


Hence u is the unique common fixed point of E, Е T and S. 
This complete the proof. 
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